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For molecules in which the atomic linkages can be characterized as co- 
valent, Pauling? has shown that the energy of dissociation of the gaseous 
molecule into its constituent atoms can, as a first approximation, be ex- 


pressed as the sum of constant terms which are assigned to represent the 
energies of the various atomic linkages in the molecule. That is to say 


(Da)} = dimd; (1) 


where (Da)? is the energy absorbed at 0 °K. in the reaction of dissociating 
the gaseous molecule, in its normal state, into its constituent atoms, each 


in the normal state, and /; is the value assigned to represent the energy of 
each atomic linkage of the kind 7, the number of which is m;._ If the atoms 
at the instant of dissociation are not in their normal states, then there is 
added to the left member of equation (1) a term involving the energies of 
excitation. 

The simplest group of polyatomic molecules, characterized as having co- 
valent bonds, to which the postulate of the constancy of bond energies can 
be applied is the series of normal paraffin hydrocarbons. At the instant of 
dissociation of the molecule C,H,, + , into its constituent atoms, the hydro- 
gen atoms are in the normal state, while the carbon atoms are in the ex- 
cited tetravalent °Sstate. Then for the molecule C,,H,, + » 


(Da) + nE, = (2n + 2)a + (n — 1)b (2) 


where E, is the energy of excitation of the carbon atom, a is the value as- 
signed to the C—H bond and } that to the C-C bond. 

Since the term involving £, is linear in m, the postulate of the constancy 
of the bond energies may be said to be substantiated if the value of (Da)} 
is a linear function of m. In calculating the value of (Da)} there are re- 
quired values of the heat of combustion of the gaseous molecule C,,H,, + » 


and the energies of certain other reactions. But, since the energies of these 
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other reactions enter into the calculation as linear functions of nm, the 
proof of the constancy of the bond energies rests solely upon the relation 
between and the heat of combustion of C,,H,,, + , (corrected by the very 
small amount of the deviation from linearity with m of its heat content at 
room temperature). 

For the series of paraffin hydrocarbons it has recently been shown by 
various investigators**® that the existing experimental data are in complete 
accord with the postulate of the constancy of bond energies. But the data 
with which this excellent correlation was obtained are very meager, and, 
according to present standards, exceedingly uncertain because they were 
obtained on impure hydrocarbon gases with the calorimetric apparatus and 
technic of half a century ago. Accurate data with which to test the postu- 
late of the constancy of bond energies have now been obtained by the ther- 
mochemical laboratory of the Bureau of Standards, which has just com- 
pleted the calorimetric determination of the heats of combustion of ethane, 
propane, normal butane and normal pentane.‘ 

These data, together with the value for methane’ obtained three years 
ago, give accurate values for the first five members of the series of normal 
paraffin hydrocarbons, in the gaseous state. The new values for the heats 
of combustion of these gases have estimated uncertainties ranging from 
+(0.022 to +0.032 per cent, and are higher than what have been the 
usually accepted ‘“‘best’’ values® by the following amounts: 


K-CAL. PER MOLE PER CENT 
NINN og og onlin 2.1 1.00 
SS her eens 4.6 1.23 
PIERS tire atewic pins avn 4.6 0.87 
Normal butane............. No previous data 
Normal pentane............ 7.3 0.86 


The new values for the heats of combustion of the hydrocarbon gases, ** 
together with new data obtained by Jessup‘ on the heats of combustion of 
normal heptane and normal octane in the liquid state, yield the following 
values for the quantity A = (Da)} — [(2n + 2)a + (m — Ib ~ nE,\, 
which has been supposed to be zero for all the paraffin hydrocarbons? 


NORMAL CnHen;2 (Gas) 


K-CAL. PER MOLE K-CAL. PER CARBON ATOM 
Methane 4.81 = 0.08 4.81 + 0.08 
Ethane 1.59 + 0.14 0.80 = 0.07 
Propane 0.83 = 0.19 0.28 + 0.06 
Normal butane 0.46 + 0.27 0.12 + 0.07 
Normal pentane 0.13 + 0.37 0.03 + 0.08 
Normal CyHoen + 2 (nm > 5) 0.00 + 0.11" 0.00 + 0.11 


These data® show that, within the accuracy of the present experimental 
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data, the energy of dissociation of the gaseous normal molecule C,H,» + » 
into gaseous carbon and hydrogen atoms is a linear function of m above, 
but not linear below, nm = 6. The deviations are in the direction of greater 
stability of the molecule and rise to a maximum of nearly 5 kilocalories per 
mole for methane. 

If the energies of all the C—H and all the C-C linkages are assumed to be 
respectively equivalent throughout a given molecule, then one must con- 
clude that, below n = 6, the strength of one or the other or both linkages 
increases with decreasing n. 

But a better explanation may be in the distinction between various kinds 
of C-H and C-C bonds in the normal paraffin hydrocarbon.’ For ex- 
ample, one can distinguish three kinds of C—H linkages, ao, a; and a, in the 
normal paraffin molecule 


d is the C-H bond when X = Y = H, 
a, is the C-H bond when’? X = H and Y = R and 
dz is the C-H bond when X = Y = R. 


Similarly one can distinguish three kinds of C-C bonds, bo, 5; and da, in 
the normal paraffin molecule 


H H 


H H ‘ 


by is the C-C bond when X = Y = H, 
b, is the C-C bond when X = H and Y = R and 
bp is the C-C bond when X = Y = R. 


On this basis, the energies of the atomic linkages in the various mole- 
cules can be represented as follows: 


Methane 4a 
Ethane 6a, + bo 
Propane 6a; + 2a, + 20; 
Normal butane 6a; + 4a, + 2b, + 

Normal pentane 6a; + 6a, + 2b; + 2be 


Normal C,H, + 9, (”% > 2) 6a; + 2(m — 2)a2 + 2b, + (n — 3)d2 
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And the successive differences become constant and equal to 2a, + by 
above n = 3, which approximates what the experimental data indicate. 
In a more exact sense, however, one would need to take cognizance of the 
kind of atoms which are attached to the carbon atoms once removed from 
the bond, that is, to distinguish between various normal alkyl radicals rep- 
resented by R in the above notation. 

If the bonds at the ends of the normal paraffin molecule are considered, 
as indicated above, to be different from the other bonds, then the addition 
of one carbon atom and two hydrogen atoms to C,,H,., + , corresponds to 
the creation, at or near the middle of the molecule, of one C—C bond and 
two C-H bonds. And since the experimental data indicate that the energy 
of this process is constant for values of m greater than 5, one can conclude 
that, within the accuracy of the data, there is no interaction, with regard 
to energy, between C,H groups that are separated by two or more carbon 
atoms. Which is to say, for example, that the methyl group at the end of 
the chain of carbon atoms, has a sphere of influence that includes the 
C,H group twice removed from it. 


For the reaction, 
C (gas) + 2H (gas) + CyHon +2 (gas) = Cy +1Hen +4 (gas), (3) 


the energy evolved at 0 °K. is computed® to be, for m > 5, 
— AH} = (—23.37 = 0.11) — #/2Do, + Deo + Du, k-cal. per mole. (4) 


Substitution of the accepted values* for the energies of dissociation of O, 
and H; yields 


— AH} = (20.8 + 0.9) + Deo k-cal. per mole. (5) 


When corrected for the energy of excitation of the carbon atom the value 
given by equation (5) may be said to represent the energy associated with 
one C-C and two C-H linkages at or near the middle of any gaseous nor- 
mal paraffin hydrocarbon molecule above pentane. Using the notation 
. already given 


2a. + b = (20.8 = 0.9) + Doo + E, k-cal. per mole. (6) 


And any assignment of values for Deo, for the energy of excitation of the 
carbon atom to the 5S state, and for b. and a2, the energies of the C—-C and 
C-H bonds formed in reaction (3), must satisfy the relation expressed by 
equation (6). In general, any assignment of values must satisfy the rela- 
tion 


rm; = (110.2 = 0.7) + n(20.8 = 0.9) + n(Doo + E,) + A k-cal. per 
mole. (7) 
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1 Publication approved by the Director of the Bureau of Standards, Department of 
Commerce. 

2 Pauling, L., J. Am. Chem. Soc., 54, 3570 (1932). 

3 Sidgwick, N. V., The Covalent Link in Chemistry, Cornell University Press, Ithaca, 
N. Y., 1933. 

4 These data will appear in a forthcoming number of the Bur. Stand. Jour. Res. 

5 Rossini, F. D., Bur. Stand. Jour. Res., 6, 37 (1931); 7, 329 (1981). 

6 International Critical Tables, 5, p. 168, McGraw-Hill Book Company, New York 
City, 1929. 

7 R represents a normal alkyl radical. 

8 The calculations are discussed in detail in a forthcoming number of the Bur. Stand. 


Jour. Res. 

9 Differentiation of the various C—H linkages is not new. From measurement of the 
infra-red absorption spectra of liquid paraffin hydrocarbons, Brackett (these PROCEED- 
INGS, 14, 857 (1928)) deduced that the binding force of a “primary” C—H linkage (a, 
above) is greater than that of a “‘secondary’’ C—H linkage (a, above) by about 3.2 per 
cent and greater than that of a “tertiary’’ C-H linkage (a; in the above notation) by 
about 5.6 per cent. 


AMMONIUM AND POTASSIUM MOLYBDO-TELLURATES, 
TWO HOMEOMORPHOUS ORTHORHOMBIC SUBSTANCES* 


By J. D. H. Donnay AND J. MELON 
Jouns Hopkins UNIVERSITY AND UNIVERSITE DE LIEGE 


Communicated April 25, 1934 
I. AMMONIUM MOLYBDO-MONOTELLURATE.7H2O 


General.—This compound is one of the two new ammonium molybdo- 
tellurates prepared by V. M. Meloche and Willard Woodstock,? who 
assigned to it the following chemical formula: 


3(NH,)20 a TeOs; P 6MoOs; é 7H:20. 


Its specific gravity, determined in ether on account of the solubility of 
the substance in water and corrected accordingly, is 2.78 + 0.02. The 
hardness is 21/2, (Mohs’ scale). 

The monotellurate separates fairly readily out of its aqueous solution in 
well developed small crystals, colorless, ranging in size from 1 millimeter 
to about 6 millimeters. Larger crystals, almost 3 centimeters in their 
longest dimension, were obtained by recrystallization overnight. 

Form.—The crystals belong to the orthorhombic system. Some of 
them appear to be hemimorphic. The point-group might tentatively be 
determined on that basis as C,, = 2mm (pyramidal or antihemihedral 
class), but it is safer to consider it dipyramidal (or holohedral) until fur- 
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ther information is secured warranting a reduction of the grade of sym- 


metry. 


The axial ratios are 
&:b:¢ = 0.9523:1:0.9777. 


Five forms? have been observed: the unit rhombic dipyramid 6” {111}, 
the front and side pinacoids h! {100} and g! {010}, and two rhombic 
prisms parallel with the b-axis a! {101}, a? {102}. The habit is so variable 
that it is difficult to give these forms any definite order of importance. 

If the forms be listed in the following order: b'”* {111}, h! $100}, 
g! {010}, a! {101}, a* {102}, five combinations can be obtained by taking 
each form with all the forms that precede it in the list; all of these five 
combinations have been observed and no other. 

The presence of a parting plane {001} has been ascertained, which 
accounts for the numerous striae seen on h! {100}. 

Measurements.—Ten crystals, from different batches, have been mea- 
sured by means of the non-modified one-circle Wollaston goniometer. 
The values of interfacial angles are listed in table 1. 


o 
TABLE 1 


COMPARISON BETWEEN MEASURED AND COMPUTED ANGLES 


ANGLE NUMBER OF PROBABLE 

Lkvy MILLER READINGS ERROR MEASURED COMPUTED 
hia} (100: 101) 1 fay 44° 9’ 44°15’ 
hia? (100: 102) 1 an 62°57’ 62°50’ 
b'/2p'/2 (111:111) 6 +! 70°12’ 70°24’ 
hip'/2 (100: 111) 18 72’ *53°43' rae 
b'/2p'/2 (111:111) 11 9.5’ 72°30’ 72°34’ 
gib’/? (010: 111) 11 5.0’ *55°42' eae 
b'/2p'/2 (111:111) 7 8.5’ 68°36’ 68°36’ 
b'/%q2 (111: 102) 1 a 38°32’ 38°25’ 
bY/%q2 (111: 102) 1 es 76°20’ 76° 0’ 


N. B.—The probable error is not computed when the number of readings is too small. 
The values of the two fundamental angles (marked *) are the most probable values com- 
puted to the closest minute. 


Habit.—Several types of habit are found: 

(1) The most common crystals are tabular on one of the faces bY {111}, 
modified by h! {100} and g' {010}, with a tendency toward elongation 
[011] or [011], that is to say, parallel to either one of the two similar (or 
equivalent)‘ edges h! b'* {011}. 

(2) The same combination of forms may be tabular on h! {100} and 
elongated along one of the edges h! b'” {011}. 

(3) The unit rhombic dipyramid b'” {111} has also been found alone 
in incomplete and malformed' crystals devoid of any appreciable flattening. 

(4) A peculiar habit was encountered in the large crystals obtained 
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by recrystallization; these are thick tabular on h! {100}, which has the 
shape of a pseudo-square (a rhomb, of course, crystallographically speak- 
ing), with the edges beveled by the malformed dipyramid 6’ {111}. 
The two ends h! (100) and h! (100) of the crystals are unequally developed, 
one of the two faces being usually smaller than the other and sometimes 
entirely lacking. The two small rhombic prisms a! {101} and a? {102} 
are visible on these crystals. 

Optical Properties —The plane of the optic axes is parallel with h! {100}. 
The optical character is positive. The acute bisectrix is perpendicular to 
gi {010}. 

3, 30 


mM, = 1.65, m, = 1.74, n, = 1.93, 2V = 74° r uae 


Discussion.—The following values have been found by the immersion 
method for two refractive indices: m, = 1.65 and m, = 1.74. The 
value of the angle of the optic axes 2V, given above, was measured on the 
Fedorov universal stage. The value of m,, computed from the above 
three by means of the well-known formula, and given with two decimal 
places only, is 1.93. The value of 2V, calculated from the same formula 
in which the three refractive indices are assumed to be exactly 1.65, 1.74 
and 1.93, is found to be 75° 20’, thus providing a sufficient check. 

Microchemical Test.—If a few drops of the water solution be left to dry 
on a glass slip, the substance will recrystallize in thin plates lying on 
h‘ (100), a face which exhibits a pseudo-rectangular outline (malformed® 
rhomb) with two opposite corners truncated by the trace of g' {010}. 
The extinction direction perpendicular to the trace of g! {010} is positive 
(that -of the slow vibration). The figure obtained in convergent light’ is 
that of a section parallel with the plane of the optic axes. 

Barker's Classification Angles——The parametral angles necessary to 
determine this substance according to Barker’s method® have been com- 
puted. 

The five different combinations of forms which have been observed all 
lead to the same Barker setting. The solution to be entered in the deter- 
minative tables is as follows: 


Ammonium molybdo-monotellurate 7H:0. 
Transformation: 001 / 010 / 100. 
Old: 111; 100; 010; 101; 102. 
New: 111; 001; 010; 101; 201. 
Angles: cr = 44° 15’, am = 44° 21’, bg = 46° 24’. 





Forms 


Notice that the observed combinations of forms are indicated by the semi- 
colons in the above series of forms: all the forms that precede a semicolon 
constitute an observed combination. 
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If the interfacial angles are not measured with a sufficient accuracy, this 
substance may easily appear to be isometric. It should therefore be en- 
tered in the determinative table of isometric crystals as well; its pseudo- 
isometric character, together with its physical properties, serving as deter- 
minative criteria. 


II. Potrasstum MOLYBDO-TELLURATE 


General.—This compound was prepared first by H. F. Hansen,’ who 
worked under the direction of Professor V. M. Meloche. He gave it the 
following chemical formula: 


3K,0 ° TeOs; * 6MoO; . 8H,0. 


The specific gravity, determined in ether on account of the solubility 
of the substance in water, and corrected accordingly, is 3.25 + 0.05. The 
hardness is 2'/, (Mohs’ scale). 

Potassium molybdo-tellurate crystallizes from its water solution in 
small colorless transparent crystals, with good luster, usually from 2 or 
3 to 7 or 8 millimeters in their longest dimension. 

Form.—The crystals belong to the rhombic dipyramidal class or holo- 
hedral class of the orthorhombic system (D,, = 2/m 2/m 2/m). They 
exhibit perfect pseudo-tetragonal symmetry. 

The axial ratios are: 

G:b:¢ = 1:1:1.0519. 


Nine forms have been observed: p {001}, g! {010}, h! {100}, m {110} 
b'* {111}, e! {011}, a {101}, a? {102}, a* {103}. 

Observed combinations of forms and habit are as follows: 
(1) g'b'*h! pa' a2, equant or thick tabular on g'. 
(2) ph' gb’ m, all forms about equally developed except m, which 
is of minor importance. 
(3) g!b'* mph'a'e!a', equant or thick tabular on g!. 
(4) hb” pg! me', thin tabular on h’. 

Measurements.—Five crystals have been measured on the Wollaston 
goniometer. The results are given in table 2. 


TABLE 2 

COMPARISON BETWEEN MEASURED AND COMPUTED ANGLES 

ANGLE NUMBER OF 
Livy MILLER READINGS MEASURED COMPUTED 
mm (110:110) 1 90° 8’ 90° 0’ 
pel (001:011) 1 46°21’ 46°27’ 
pa (001:101) 1 46°13’ 46°27’ 
p a? (001: 102) 1 ca. 26° 27°45’ 
pa’ (001: 103) 1 ca. 20° 19°19’ 
p b/s (001:111) 7 56° 9’ 56° 5’ 
gi b/s (010: 111) 12 *54° 4! 
ht b/s (100: 111) 27 *54° 4! 
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Optical Properties.—The plane of the optic axes is parallel with h' {100}. 
The optical character is positive. The acute bisectrix is perpendicular to 
g' {010}. The optical orientation is thus the same as for the ammonium 

salt described above. 


ny = 1.66, mm = 1.70, n, = 1.76, 2V = 80° : = 2°, 


Discussion.—The following data have been obtained by the immersion 
method: 


n, larger than 1.65 (very low relief) and smaller than 1.74 (high relief), 
Nm larger than 1.65 (low relief) and smaller than 1.74 (fairly low relief), 
n, larger than 1.74 (low relief). 

The angle 2V of the optic axes was measured on the universal stage. 
The values adopted for the refractive indices lead to a computed optic 
angle 2V = 80° 50’, in agreement with the measured value. 

Barker's Classification Angles.—This substance being orthorhombic 
pseudo-tetragonal should be entered in both the orthorhombic and the 
tetragonal tables. 

The orientation adopted in the above description holds good for the 
Barker solution in case the crystals are treated as orthorhombic. All the 
form combinations observed yield the same set of parametral angles. 
The solution is as follows: 


Transformation: none. 


Forms: 010.100.001.111; with either 110; or 110.011; or 101.102. 

Angles: cr = 46° 27’, am = 45° 0’, bg = 48° 33’. 

If the substance be considered tetragonal, two orientations need be 
entered in the tables: one is the orientation of the description above, the 
other is different and is obtained in the case of the form combination 
ph! g' b'? m. 

The two Barker solutions are: 

(1) Transformation: none. 
Forms: 010.100.111.001.101 or 011;110;102;103. 
Angle: cr = 46° 27’. 
(2) Transformation: 110 / 110 / 002. 
Old: 001.100.010.111.110. 


New: 001.110.110.101. 100. 
Angle: cr = 56° 5’. 


Forms: 





As for the ammonium salt, provision must be made for the pseudo- 
isometric character of the crystals by a special entry in the isometric tables. 
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III. HOMEOMORPHISM 


The chemical consanguinity of these two salts, together with the simi- 
larity of their interfacial angles, strongly suggest isomorphism. However, 
since it has not been proved that these two salts can syncrystallize in all 
proportions, it is better to consider them as geometrically similar only 
(homeomor phous). 











FIGURE 1 


Stereographic projections showing homeomorphism. The black dots indicate the 
forms present on the crystals of potassium molybdo-tellurate; the white circlets, 
the forms observed on the crystals of ammonium molybdo-tellurate. The zone circles 
are completely drawn for the potassium salt; they are partially shown for the 
ammonium salt. The angular differences between the two projections is on purpose 
slightly exaggerated. 


It will be noticed that the angles between the three pinacoids h', g!, p 
and the rhombic dipyramid 6’ are very close to 54°44’, which is the 
theoretical angle of the cube p {100} with the octahedron a! {111}. The 
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values of these angles may be found in table 3, given here to permit com- 
parison of the interfacial angles common to both salts. The two sub- 
stances may, with some justification, be called pseudo-isometric; in addi- 
tion, the potassium salt also exhibits perfect pseudo-tetragonal symmetry. 

Due to the values of the interfacial angles encountered, the homeo- 
morphism of the two salts may be shown in several possible ways, in the sense 
that the two substances may be given different orientations and still appear 
homeomorphous. Our choice of the respective settings (see Fig. 1) 
has been guided by the following considerations. The potassium salt 
being oriented as in the above description, so as to show its tetragonal 
pseudo-symmetry, the ammonium salt is oriented in such a manner as 
to indicate the parallelism of a' and a?, which are both present on both 
salts. This orientation has the advantage of being in agreement with the 
orthorhombic convention é < 6. It also happens that the two substances 
are optically parallel when placed in that way. 

TABLE 3 


COMPARISON OF THE Two SALTS AS TO CORRESPONDING INTERFACIAL ANGLES 
ANGLE 


Livy MILLER K SALT NH SALT 
p b'/2 (001: 111) 56° 5’ 54°48’ 
hi p/2 (100: 111) *54° 4! *53°43’ 
gi b/ (010: 111) *54° 4! *55°42’ 
hia (100: 101) 43°33’ 44°15’ 
h' a? (100: 102) 62°15’ 62°50’ 
him (100: 110) 45° 0’ 43°36’ 


N. B.—The forms p{001} and m{110} are missing on the crystals of the ammonium 
monotellurate. The computed values are given for all interfacial angles except for 
the angles chosen as fundamental (*). 


IV. MORPHOLOGY AND LAw OF BRAVAIS 


The order of importance of the nine forms of the potassium salt is 
difficult to ascertain on account of the variable habit of its crystallization. 
The least important form unquestionably is a? {103}; then come a? {102}. 
The three forms m {110}, a! {101} and e! {011} come next but are diffi- 
cult to differentiate. The three pinacoids and the unit dipyramid are 
the most important forms. Tentatively, the forms may be listed as 
follows in the order of their decreasing importances: 


Dominant: h* {100}, g' {010}, p {001}, b'” {111}; 
Fairly important: m {110}, a! {101}, e! {011}; 
Little important: a? {102}; 

Least important: a* {103}. 


The parameters adopted for the potassium salt give a correct expression 
of the Law of Bravais provided the morphological lattice (Haiiy-Bravais 
lattice)® be chosen as face-centered orthorhombic. 








i 
i 
a 
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TABLE 4 


List oF LATTICE PLANES ARRANGED ACCORDING TO DECREASING RETICULAR DENSITIES 
IN THE POSSIBLE MORPHOLOGICAL LATTICES OF THE POTASSIUM SALT 


SIMPLE FACE-CENTERED 
ORTHORHOMBIC ORTHORHOMBIC 
FORM: 3; FORM: S?; 
***001 1.00 pss: | 0.80 
***100 ay i | eeepo! 1.00 
**101 2.11 22100 1.11 
**110 2.21 "101 2.11 
was! FF 3.21 pad BU 2.21 
*102 5.11 113 2.80 
201 5.43 311 3.02 
120 5.53 183 5.02 
112 6.21 *102 5.11 
211 6.53 331 5.23 
122 9.53 201 5.438 
221 9.85 120 5.53 
*103 10.11 112 6.21 
301 10.96 211 6.53 
130 11.06 115 6.80 
113 11.21 511 1<18 
311 12.07 122 9.53 
203 13.43 221 9.85 
302 13.96 *103 10.11 


N. B.—.S? represents the square of the reticular area of a lattice plane. The reticular 
density is inversely proportional to S. Observed forms are marked by asterisks: domi- 
nant forms by three asterisks, fairly important forms by two, minor forms by one. 


Due to the geometrical pseudo-symmetry of the potassium salt, this 
lattice is equivalent to a body-centered tetragonal lattice. The list of 
lattice planes arranged according to decreasing reticular densities is given 
in table 4 for both the simple orthorhombic (here, tetragonal) lattice and 
the face-centered orthorhombic (here equivalent to a body-centered te- 
tragonal) lattice. Notice that, in these lists, 100 stands for both {100} 
and {010}, 101 for both {101} and {011}, etc. Comparison of the two 
lists shows that the face-centered orthorhombic lattice expresses the 
morphological observations better than the simple orthorhombic lattice. 
The order of importance of the forms is respected and the values of S? 
show why the “dominant” forms, on the one hand, the ‘‘fairly important”’ 
forms, on the other, have nearly equal observed importances. 

The parameters adopted for the ammonium monotellurate do not lead 
to as good an expression of the Law of Bravais as for the potassium salt. 
The smaller number of forms present, it will be admitted, make the in- 
vestigation less significant. Tentatively, the ammonium salt is also re- 
ferred to the face-centered mode of the orthorhombic lattice. 


* The present paper is part of the crystallographic study of a series of alkaline 
molybdo-tellurates. The sodium salt, triclinic, has already been published.!_ Besides 
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the potassium salt and the ammonium monotellurate, described in this paper, the 
rubidium salt is also orthorhombic. The latter, together with the lithium salt (rhombo- 
hedral) and the ammonium ditellurate (monoclinic), will be described in a later paper. 

The authors wish to tender their best thanks to Professor V. M. Meloche (University 
of Wisconsin) and Professor S. R. Wood (Stillwater, Oklahoma) who prepared for them 
several batches of the necessary crystals. 

1 Amer. Mineralogist, 18, 244 (1933). 

2 J. Am. Chem. Soc., 51, 171 (1929). 

3 The Lévy form-notation will be used throughout this paper in conjunction with 
the Miller symbols. 

4 The assemblage of all similar edges of a crystal bears the same relation to an edge as 
a form to a face. A face symbol is written between parentheses (hkl); a form symbol, 
between braces {hkl}. An edge symbol is placed between brackets [uvyw]; we propose 
to write the symbol for the assemblage of similar edges between “‘square braces”’ {uvw}. 

It may or may not be desirable to give a name to the ‘‘assemblage of similar edges.’’ 
At all events, the coining of a good descriptive term for this new concept is not an 
easy task! We have no better suggestion to offer than “framework” or ‘“‘frame.” 

5 The term“‘malformed”’ has been proposed as an English equivalent for the German 
verzerrt and the French difforme. H.W. Morse, C. H. Warren and J. D. H. Donnay, 
Am. Jour. Sci., (5), 23, 423, footnote 2 (1932). 

6T. V. Barker, Systematic Crystallography, London, 1930. J. H. Haan, Kris- 
tallometrische determineeringsmethoden, Groningen, 1932. J. D. H. Donnay and 
J. Mélon, ‘“‘Angles paramétriques de Barker dans une série cristalline homéomorphe,”’ 
Ann. Soc. géol. Belgique, Bull. 57, 39-52 (1933). P. Terpstra, J. D. H. Donnay, J. 
Mélon and W. J. van Weerden, ‘Studies on Barker’s Determinative Method of Sys- 
tematic Crystallography,’ Zeits. Krist., 87, 281-315 (1934). 

7 Unpublished thesis, University of Wisconsin, 1929. 

8 The difference between the morphological or Haiiy-Bravais lattice and the structural 
lattice obtained by x-ray investigation is discussed in a paper by J. D. H. Donnay, G. 
Tunell and T. F. W. Barth, ‘‘Various Modes of Attack in Crystallographic Investi- 
gation,” to appear in Amer. Mineralogist. Abstract, Ibid., 19, 129 (1934). 
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THE STRUCTURE OF THE CARBOXYL GROUP. I. THE IN- 
VESTIGATION OF FORMIC ACID BY THE DIFFRACTION OF 
ELECTRONS 


By Linus PAULING AND L. O. BROCKWAY 
GaTES CHEMICAL LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY 
Communicated May 8, 1934 


The electronic structure of a carboxylic acid has been ordinarily written 
O: 


asR:C:0:H. It has been recognized,! however, that the structure 
hag 


R:C::0+*:H also may make a significant contribution to the normal 
state of the molecule, and the existence of such resonance of the double 
bond between the two oxygen atoms has been supported by thermo- 
chemical data,? the resonance energy being 1.20 v. e. for the carboxyl 
group in acids and in esters. During the investigation reported in this 
paper we have verified the resonating structure by the determination of 
interatomic distances in formic acid, and have also shown that in the 
dimer of formic acid the molecules are joined together by hydrogen bonds 
between the oxygen atoms of the carboxyl groups. 

Formic acid was prepared by passing dry hydrogen sulfide over the 
copper salt and was purified by the method of A. S. Coolidge.* For this 
preparation we are indebted to Mr. John Y. Beach. Electron-diffraction 
photographs were made in the manner previously described.‘ The gas 
was at a pressure of about 110 mm., the vapor pressure of the liquid at 
45°C. The electron wave-lengths used were about 0.061 A, as deter- 
mined by calibration of the apparatus with gold foil, for which the value 
a) = 4.070 A was assumed. The film was 12.19 cm. from the gas nozzle. 


6 
Measured values of 47 sin = /d for five maxima and four minima (averaged 


for seven photographs) are given in table 1. The qualitative appearance 
of the photographs corresponds to the following description. The first 
maximum is weak. The second is strong and sharp, with a shelf on the 
outer side, causing the third minimum to be displaced outward. The 
third and fourth maxima lie close together, and are of about equal ap- 
parent intensity. They are followed by a sharp fifth minimum and fifth 
maximum. 

A previous study of formic acid has been made by Hengstenberg and 
Bri,® who report their photographs to show-three rings. Their measured 
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6 
diameter is given for only one ring, their value 47 sin 5/* = 5.96 + 0.1 


agreeing reasonably well with our value for the second maximum. They 
ascribed a structure to the double molecules of formic acid which we are 
unable to accept. This structure results from placing the O—C-O angle 
in the carboxyl group equal to 125°, and orienting two molecules HCOOH 
in such a way that the four oxygen atoms form a regular tetrahedron. 
The simple intensity curve 





sin x;; 
I=L 2z,— 
oe xij 
veal 
with X= 4nl;; — 


calculated for this model is shown as Curve A of figure 1. It is not at all 
compatible even with the qualitative appearance of our photographs. 
(The curve given by Hengstenberg and Bri on page 357 of their paper is 
also not compatible with our photographs. This curve differs slightly 
from Curve A, apparently because of their neglect of the carbon-oxygen 
and carbon-carbon terms between the two carboxyl groups.) 

In formulating possible structures for the double molecules for com- 
parison with our photographs, we have made use of the idea, first sug- 
gested by Latimer and Rodebush,® that the carboxylic acids form dimers 
as a result of the formation of hydrogen borids between the oxygen atoms 
of the two carboxyl groups, the structure of the double molecule being 


< hb—> 
9g’ O-H-0 
rae 3 
H C)a CH. 


Sy 3 


O—-H--O 


Such a structure would place all of the atoms in the same plane. It 
would be especially stable because of the equivalence of the two oxygen 
atoms, permitting complete resonance of the double bond (as in the ion). 
For the distances a and 0b and the angle a we selected the following values 
for trial: 


Model B a = 135° a = 1.28A b = 2.65A 
C: 125° 1.28 2.50 
D: 125° 1.28 2.65 
E: 125° 1.28 2.75 
F 120° 1.28 2.65 
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The calculated intensity curves (two of which are given in figure 1) are 
not those for the double molecules alone, but for an equilibrium mixture® 
of 85% (by weight) of (HCOOH): and 15% of HCOOH; these curves 
differ only very slightly from the curves for pure (HCOOH):. The value 
a = 1.28 A is the sum of the double-bond radii for carbon and oxygen. 
The curves are applicable to any models with the same ratios of b/a. 
Comparison with the description of the photographs given above shows 
that Curve D is in excellent qualitative agreement with the photographs, 
even such features as the shelf on the second maximum and the sharpness 





T T T T T T T ' 











FIGURE 1 
Calculated intensity curves for models A, C and D of formic acid as functions of x = 
ow 
4nr sin 3/,. 


of the fifth minimum being reproduced. Curves B and C, while some- 
what similar to Curve D and to the photographs, show sufficiently pro- 
nounced qualitative deviations from the photograph to eliminate the 
corresponding models. Thus Curve B shows only a single maximum in 
a region where two (the third and fourth) are observed, and Curve C 
shows an additional maximum near the. third minimum and a small maxi- 
mum just where the sharp fifth minimum is observed. Curves E and F 
are somewhat inferior to D in that the shelf on the outer side is not as 
pronounced as indicated by the photographs, and the quantitative agree- 
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ment is also somewhat inferior. We conclude that the structure of 
(HCOOH): is closely represented by Model D, and does not differ from 
this model to as great an extent as is indicated by Models B, C, E and F. 


TABLE 1 


4xsin0/2  » carcu- 
r LATED FOR O-H-—O DISTANCE CALCULATED FOR 
OBSERVED CURVE D D B c E F 


3:95 3.97 2.67A 2.68A 2.61A 2.69A 2.65A 
(4.86) 

5.79 5.92 2.71 70 2.62 2.75 

8.52 8.58 2.67 2.63 2.72 

9.48 9.78 2.73 2.72 2.79 

10.63 10.50 2.62 2.57 2.65 

11.72 11.45 2.59 2.52 2.65 
13.70 13.80 2.67 2.72 ; 
14.98 15.05 2.66 2.64 2.72 2.68 


Average: 2.665A 2.69A 2.62A 2.71A 2.65A 


The quantitative comparison of measured and calculated positions of 
maxima and minima is given in table 1, the value of b being given for 


0 
each measured value of 47 sin 5/* for Models B, C, D, E and F, except 


when the nature of the calculated curve prevents a comparison, as for 
Curve B beyond the third minimum. The second minimum is not used, 
as it is difficult to measure accurately. Of these, the values for Model D 
are to be accepted, the others being included to indicate limits of error 
due to uncertainty in the model. The consistency of the Db values is 
satisfactory, the high and low values for the third and fourth maxima 
being due to the St. John effect. Averaged values for 6 are given in the 
bottom rows of the table. From these we conclude that the formic acid 
dimer has the hydrogen-bond structure, with resonating double bonds in 
the carboxyl groups, the O-H-O distance being 2.67 + 0.04 A, the C-O 
distance 1.29 + 0.02 A and the bond angle 125° + 5°. 

The value found for the O-H-—O distance, 2.67 A, is intermediate be- 
tween the value in ice, 2.77 A, and that in potassium dihydrogen phosphate, 
2.54 A. This indicates that with respect to the strength of the hydrogen 
bond the double molecules of formic acid are intermediate between these 
two crystals. 

In this case resonance has no pronounced effect on the bond angle, the 
value of 125° found for the carboxyl group being that expected between 
a double and a single bond for a tetrahedral carbon atom. 

The C-O distance of 1.29 A is about equal to the distance for a double 
bond, with some indication, however, that complete resonance of a double 
and a single bond does not quite reduce each to the double-bond distance. 
(It may be mentioned that there is some evidence that the double-bond 
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radii given in Ref. 1 are about 2% too large, and that the double-bond 
carbon-oxygen distance should be 1.26 A.) The only other available 
value for the carboxyl group, aside from the value 1.29 + 0.05 A reported 
in the following paper for the acetate group, is C-O = 1.25 + 0.05 A for 
crystalline oxalic acid dihydrate.’ It seems probable that this value is 
slightly low, especially since the value 1.59 + 0.07 A reported for the 
bond between the two carboxyl carbon atoms is about 0.10 A higher than 
the value expected for a single carbon-carbon bond serving as the path 
of conjugation for two double bonds. Moreover, it seems probable that 
the value C-O = 1.24-1.27 A reported for the carbonate ion in various 
crystals is somewhat low, inasmuch as the distance for resonance of one 
double and two single bonds would be expected to be somewhat larger 
than that for one double and one single bond, as in the carboxyl group. 
An accurate redetermination of the parameter for these crystals should 
be made. 

We are indebted to Dr. S. Weinbaum for many of the calculations in- 
volved in this investigation. 

1 Linus Pauling, these PROCEEDINGS, 18, 283 (1932). 

2 L. Pauling and J. Sherman, J. Chem. Phys., 1, 606 (1933). 

3 A. S. Coolidge, Jour. Am. Chem. Soc., 50, 2166 (1928); 52, 1874 (1930). 

4L. O. Brockway and Linus Pauling, these PROCEEDINGS, 19, 68 (1933). 

5 J. Hengstenberg and L. Bri, Anales soc. espan. fis. quim., 30, 341 (1932). 

6 W. M. Latimer and W. H. Rodebush, Jour. Am. Chem. Soc., 42, 1419 (1920). 

7W. H. Zachariasen, Abstract of paper presented at Washington meeting of the 
American Physical Society, April 27, 1934. 


THE STRUCTURE OF THE CARBOXYL GROUP. II. THE 
CRYSTAL STRUCTURE OF BASIC BERYLLIUM ACETATE 


By Linus PAULING AND J. SHERMAN 
Gates CHEMICAL LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated May 8, 1934 


The crystal structure of basic beryllium acetate, BesO(CH;COO)6., has 
been studied by Bragg and Morgan,' who reported some spectrometric 
intensity measurements and showed the cubic unit of structure to have 
a = 15.72 A and to contain eight molecules, and by Morgan and Astbury,’ 
who showed the space group to be J}. In neither study was the atomic 
arrangement determined. We have found an atomic arrangement which 
accounts satisfactorily for the data of these authors and for additional 
intensity data obtained photographically, and which provides informa- 
tion regarding the structure of the acetate group. 
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The crystals used, which were kindly prepared for us by Dr. G. W. 
Wheland, were in the form of octahedra several millimeters in diameter. 
Laue and oscillation photographs were made and interpreted in the usual 
way. Layer-line separations on these led to the value a) = 15.8 + 0.1 A 
for the edge of the unit, in agreement with the value reported by Bragg 
and Morgan. It was also found that a Laue photograph on (111) showed 
a three-fold axis but no symmetry planes, and that no reflections of the 
types {hk} with h + k oddand {hk0} with !/2(h + k) odd occurred, verify- 
ing Morgan and Astbury’s choice of Tj as the space group. 

The complexity of the possible atomic arrangements based on Tj makes 
a rigorous structure determination impractical. However, the volatility 
of the substance and its solubility 
in non-ionizing solvents suggest 
that the crystal contains discrete 
molecules, which are required by 
the space group 7; to have the 
point-group symmetry 7. As sug- 
gested by the previous investiga- 
tors, a reasonable type of struc- 
ture for the molecule is that shown 
in figure 1. Each beryllium atom 
(or ion) is surrounded by four 
oxygen atoms at the corners of an 
approximatelyregular tetrahedron, 
as in beryllium oxide. The elec- 
trostatic valence rule is satisfied, FIGURE 1 
assuming, each carboxyl oxygen to The arrangement of atoms in the molecule 
be held to carbon by a resonating of BesO(CHsCOO)s. Small circles repre- 
single-double bond. (The sym- “"* carbon atoms, large circles oxygen 

x atoms. The beryllium atoms occupy the 
metry of the crystal requires the centers of the four tetrahedra. One of the 
two oxygen atoms to be equiva- ix acetate groups is not shown. 
lent.) This structure may be de- 
scribed in the following way, using Wyckoff’s tabulation of the results 
of the theory of space groups: 


8 O; in 8f: 000, etc.; 
32 Be in 32b: uuu, etc.; 
96 Oy, in g: xyz, etc.; 
48 C,; in 48c: 00, etc.; 
48 Cy in 48c: w00, etc. 





The six parameters cannot be rigorously evaluated by use of the x-ray 
data alone. We consequently resort to a treatment involving the elimina- 
tion of some of them ‘by invoking a few well-founded assumptions. The 
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first assumption we make is that the distance between the two carbon 
atoms of an acetate group is the single-bond distance, 1.54 A. This 
requires the relation w — v = 0.098 to hold between w and v. Second, 
we assume the Be-O distance to be 1.65 A, as in BeO itself. This fixes 
the value of u as +0.0605, and in addition introduces a relation among the 
variables x, y and z, by means of which x can be determined for given 
values of y and z. Third, the carbon—oxygen distance in the carboxyl 
group is given the value 1.29 A found for formic acid by electron diffrac- 
tion. These assumed values, according to previous experience, can 
hardly be in error by more than one or two per cent. 

The problem in this way having been reduced to one involving only 
two parameters, which may be taken as the angle a between the carbon-— 
oxygen bonds in the carboxyl group and the coérdinate z determining the 
azimuthal orientation of the acetate groups, values of the intensity of re- 
flection of x-rays from various planes were calculated according to the 
formula 


1 + cos? 23 
2 sin 23 


I = Constant - F2. ea 12/00? 


in which the structure factor F has its usual form 


Qri(hxi + ky + 1x. 
Fis = Life sophie: 
t 


Pauling-Sherman f-values* were used. The value 1.2 given for the ex- 
ponent in the temperature factor was estimated from the angle at which 
a general rapid decrease in intensity of reflection sets in on oscillation 
photographs. Pronounced disagreement with the observed intensity - 
values was found everywhere except in the region near a = 125° and z = 
—0.04, with u = —0.0605. No suitable range was found for the positive 
value of u. Calculated values of the intensity for various planes for 
a = 120°, 125° and 130° and 0.03 < —z < U.05 are shown in figure 2. 
The intensity values observed by us and reported by Bragg and Morgan 
agree in the equality of { 800} and {444} and the somewhat greater intensity 
of {555}. (Our intensity values are estimates made by visual comparison 
of photographs taken under identical conditions except for variation in 
the time of exposure.) It is seen from the figure that these relations 
require a to be nearly equal to 125° and z to —0.038. There are also 
in the figure intensity curves as a function of a for that value of z (—0.038, 
—0.038 and —0.042, respectively) for each value of a which causes the 
ratio {555}/{444} to agree with observation. From this it is seen that 
the angle a is restricted by the observed equality of {800} and {444} to 
the value 124° + 3°. 

The correctness of the structure is supported by the general agreement 
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between observed and calculated intensities shown in table 1. The 


TABLE 1 


COMPARISON OF CALCULATED AND OBSERVED INTENSITIES OF REFLECTION FOR Be,O- 


(CH;COO). 

I CAL- I OBSERVED I CAL- I OBSERVED 
{hkl} CULATED PS BM {hkl} CULATED PS BM 
111 520 400 300 311 22 30 35 
222 140 140 110 331 80 65 55 
333 1.2 0 Trace 422 105 130 55 
444 27 30 35 620 10 15 20 
555 36 40 45 442 0.8 0 
666 0 0 446 22 25 
777 2.4 2 662 3.3 + 
888 8.7 10 10 664 0.6 0 
400 400 300 220 511 0.0 0 Trace 
800 27 30 35 533 8.7 10 
220 0.6 0 Trace 
440 55 55 55 


observed values for very strong reflections are somewhat smaller than the 
calculated values; this we attribute to primary extinction, which seems 
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FIGURE 2 


Calculated intensities for various reflections as functions of the parameters a and 2. 


to have been more significant for Bragg and Morgan’s crystals than for 
ours. The remaining small discrepancies may be due to small errors in 
the f-values, the temperature factor or the parameters. Only for one 
form, {422}, do our observations show a pronounced deviation from the 
values of Bragg and Morgan. The calculated intensity for this reflection 
suggests that Bragg and Morgan’s value is low. 
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The parameter values corresponding to the finally-chosen atomic ar- 
rangement are: 


x = —0.163 u = —0.0605 
y = —0.064 v= 0.197 
z = —0.038 w= 0.295. 


The calculated intensity values are sensitive functions of these parameters, 
and an arbitrary variation of as much as 0.003 impairs the agreement with 
observed intensities (Fig. 2). The corresponding interatomic distances 
may _ be considered to be verified by experiment to within about 
0.05 A. 


TABLE 2 


INTERATOMIC DISTANCES IN BesO(CH;COO), 


NEIGHBORS IN SAME NEIGHBORS IN NEIGHBORS IN 
ATOM ACETATE GROUP SAME MOLECULE OTHER MOLECULES 
Carboxyl carbon, Cr 1Cyat 1.544 10; at3.10A 4Cyat 4.08A 
2 On at 1.29 2 On at 3.36 4C; at 4.10 
2 On at 3.71 2Cr at 4.38 
2 On at 3.52 
2 On at 4.04 
Methyl carbon, Ci 1C; at 1.54A 20On at 4.48A 4Cy at 4.06A 
2 On at 2.39 4C; at 4.08 
2 On at 3.22 
2 On at 3.62 
Central oxygen, O;: 12 On at 2.80A 
6 Cr at 3.10 
Carboxyl oxygen, Orr: 1C; at 1.294 20Onat 2.55A 20Onat 3.87A 
1 On at 2.35 10; at 2.80 2 On at 4.04 
1 Coat 2.39 2 On at 3.87 1C at 3.52 
2 On at 4.39 1C; at 4.04 
1C; at 3.36 1 Cn at 3.22 
cy Ot 3.74 1 Cu at 3.62 
1 Cy at 4.48 


The structure may be described in the following way. It contains 
molecules as shown in figure 1, consisting of four BeO, tetrahedra with 
one common corner. The remaining corners are occupied by oxygen 
atoms of the acetate groups. The distance Be-O is 1.65 A. The tetra- 
hedra are slightly distorted, with three edges 2.80 A and three 2.55 A in 
length, the longer edges extending from the central oxygen atom. In 
the acetate group the angle a has the value 124° + 3°, equal to the value 
125° + 5° found for formic acid; we may conclude that this value of the 
bond angle in the carboxyl group is probably retained in all aliphatic 
acids. 
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The arrangement of the centers of the molecules in the crystal is that 
corresponding to the diamond structure. Each molecule is surrounded 
tetrahedrally by four molecules. If we consider a molecule as roughly 
tetrahedral in shape with similar orientation to the tetrahedron formed 
by the four beryllium atoms, then the adjacent molecules are so oriented 
as to present tetrahedral faces to one another. 

Interatomic distances for carbon and oxygen atoms in the crystal are 
given in table 2 (up to 4.5 A). It is seen that the molecules pack snugly 
together, each methyl and carboxyl carbon and carboxyl oxygen atom 
having eight or twelve neighbors in adjacent molecules at distances be- 
tween 3.22 and 4.10 A. 


1W. H. Bragg and G. T. Morgan, Proc. Roy. Soc., A104, 437 (1923). 

2G. T. Morgan and W. T. Astbury, Jbid., A112, 441 (1926). 

% Linus Pauling and L. O. Brockway, these PROCEEDINGS, 20, 336 (1934). 
‘Linus Pauling and J. Sherman, Z. Krist., 81, 1 (1932). 


NEGLECTED FACTORS IN THE DEVELOPMENT OF THERMAL 
SPRINGS* 


By E. T. ALLEN 


GEOPHYSICAL LABORATORY, CARNEGIE INSTITUTION OF WASHINGTON 


Read before the Academy, Tuesday, April 24, 1934 


1. Introduction.—Whether or not aii thermal springs are due to the 
same general conditions, all groups that I have studied in the Western 
United States appear to be the result of the same fundamental causes, 
namely: a body of circulating ground water, heated by rising jets of mag- 
matic steam, and deriving its dissolved mineral matter partly from the 
adjacent rock and partly from magmatic sources. Yet great differences, 
not only in physical character, but in the composition of waters and gases, 
and in the nature of the deposits, are found in springs of the same district, 
sometimes in groups side by side. It is to these local factors, which differ- 
entiate hot spring groups into distinctive types, that I would invite your 
attention today. 

2. Factors Responsible for the Deposition of Calcium Carbonate.—Hot 
springs depositing calcium carbonate (travertine), exclusively, are probably 
always associated with limestone. A general characteristic of thermal 
springs is their more or less steady yield of volcanic gases, chiefly carbon 
dioxide in most places. The solution of limestone by water charged with car- 
bon dioxide and its precipitation when the gas escapes are facts familiar to all. 
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That the limestone is merely an accidental condition which modifies the 
character of the water, and determines the nature of the deposit, but has 
nothing further to do with the development of the hot area, is another fact 
to be kept in mind. Without it the springs would have developed into 
another type. 

3. Occurrence of Calcium Carbonate with Silica in Hot Spring Deposits.— 
In a number of Yellowstone Park localities hot springs are depositing 
calcium carbonate with silica, either in alternate layers, in more intimate 
mixtures or in separate aggregates; but in none of these places does the 
carbonate accumulate in the imposing amounts that are found in the dis- 
tinctive travertine areas like Mammoth Springs. No springs of this type 
occur in the vicinity of limestone outcrops, and their low calcium content 
indicates that they do not come in contact with limestone below ground. 
The range of calcium in these springs is from 9 to 21 parts per million, 
while in the distinctive calcium bicarbonate waters of the Mammoth Basin, 
it varies from 200 to 400 parts per million. Springs depositing travertine 
with silica in all probability derive their lime from the associated rhyolite 
rock by a process of leaching, bring the lime to the surface as bicarbonate 
and precipitate it in the usual way. 

In typical geyser basins, where the hot waters are similar, except that the 
calcium seldom reaches 4 parts per million, a precipitate of calcium carbon- 
ate has never been observed; doubtless because the springs contain too 
little carbon dioxide most of the lime is left underground. In a boring test 
at the Upper Basin Fenner found veinlets of calcite in the altered rock. 

4. Conditions Preventing the Deposition of Calcium Carbonate.—While 
certain thermal waters, as low in calcium as 9 parts per million, deposit 
calcium carbonate together with silica, there are other localities in 
Yellowstone Park where hot waters of similar character—bicarbonate- 
chloride waters—containing much larger amounts of calcium, deposit 
little or no carbonate in the field, though they do precipitate it when boiled. 
The most conspicuous instance of the kind is the Hot River in the Mam- 
moth Basin. It contains more than 200 parts of calcium per million, yet 
it deposits almost nothing. Closer examination of this stream shows con- 
ditions unfavorable to a loss of gas from the water; the temperature is 
rather low, 46° to 58°C. and the water flows rapidly through a smooth 
channel. Toward the end of its short course the Hot River tumbles over 
a pile of rock fragments where deposition of calcium carbonate is quite 
noticeable. 

A similar example may be seen at Terrace Springs. In a portion of this 
area a series of old travertine terraces at some time in the past was left 
dry by a natural diversion of the principal outlet stream. Here until quite 
recently the water flowed swiftly and smoothly almost without deposition. 
In 1930 the course of the water was again changed by the Park authorities, 
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so that it inundated the old dry terraces. The agitation of the water 
produced by its constant dripping over these natural dams is now resulting 
in loss of gas and in renewed deposition. 

In several other Park localities, spring waters of the same character and 
undoubtedly capable of precipitation issue on the banks of streams and 
escape without deposition, doubtless because their stay is too short to 
permit the necessary loss of gas. On the other hand, spring waters that 
precipitate carbonates flow over rough beds or stand in still pools. 

5. Magnitude of the Water Supply and Its Effect on Hot Spring Areas.— 
Where limestone does not occur, hot areas characterized by small water 
supplies, as measured by the small discharge, are sharply distinguished from 
areas of high discharge. The former are dotted with small shallow springs 
which contain silica, sulphates of the common rock metals and often sul- 
phuric acid, precipitating a fine sediment consisting of opal and clay. The 
latter areas include, as a rule, larger and deeper springs, carrying silica with 
bicarbonate! and chloride of sodium. They deposit siliceous sinter or 
geyserite. 

The factor directly responsible for the differentiation of a hot area into 
one or the other of these two types is the water supply, and this in turn is 
dependent upon the topography. Spring groups of high discharge are 
found in well-watered drainage basins; while groups of meager outflow are 
found on steep slopes where much of the rainfall is lost as run-off, or in 
shallow depressions where only a thin zone of ground water could accumu- 
late. 

Sulphate Areas ——Whether water supply is great or small seems to deter- 
mine the depth in hot ground to which it penetrates. Where drilling in 
hot spring areas has been undertaken, steam has been encountered not far 
below the surface, and the temperature and flow have increased with depth; 
more and more steam is released and with it more and more heat as the re- 
sistance to its escape is overcome. The same thing should happen when 
water works its way downward; but in this case the steam would be con- 
densed and the heat of condensation absorbed in heating the water. Where 
the potential flow of steam is high, as it seems to be almost everywhere in 
these hot areas, a small water supply could be expected to work its way 
only to a shallow depth without being wholly evaporated. The actual 
result should be the descent of the water to a depth where evaporation 
would be equalized by condensation of the magmatic steam. The few 
tests that have been made indicate that these bodies of ground water are in 
fact quite shallow. The principal chemical process distinguishing the 
sulphate areas can be traced to the atmospheric oxidation of hydrogen 
sulphide in the volcanic gases, forming sulphuric acid which dissolves in 
the water and leaches the rock to soluble sulphates, opal and generally 
clay. 
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. Geyser Basins.—When the water supply of one of these hot areas is large, it 
penetrates to a greater depth as it condenses rising steam, acquiring a 
mineral content of quite a different character. Again the gaseous emana- 
tions from the magma control the situation. _ Gases like hydrogen, meth- 
ane, nitrogen and argon rise to the surface and escape into the atmos- 
phere, just as they do in sulphate areas. They are chemically inert 
under prevalent conditions. On the other hand, carbon dioxide is fixed 
below ground probably by chemical reaction with the rhyolite rock, for 
much of it comes to the surface in the water, chemically combined as bi- 
carbonate, while extensive tests in these basins indicate that the free gas 
has been much reduced in volume. In sulphate areas the exact opposite is 
true; liberal amounts of free gas are associated with little or no bicarbon- 
ate in the water. Traces of reaction between carbon dioxide and the rock 
of the geyser basins are found at the surface, but as little of this action has 
been discovered down to a level of 400 feet, most of it doubtless occurs at 
still greater depths. Recalling the importance of water in chemical reac- 
tions, we are brought to the conclusion that most of the carbon dioxide 
which is absorbed in the geyser basins, is chemically combined at the base 
of the zone of ground water where the temperatures are high. The result- 
ing bicarbonates of the alkalies can only reach the surface as they are dis- 
solved by deep waters and raised by hydrostatic pressure or by circulating 
currents. 

Alkali chlorides, which form a very considerable proportion of the mineral 
matter in waters of the alkaline type, are believed to be volatilized directly 
from the magma. Sodium and potassium chlorides are well known as sub- 
limates from molten lavas and are often found in the cavities of ejecta from 
active volcanoes. Obviously vapors of these salts would be condensed 
long before reaching the surface. They could find their way upward only 
when dissolved by deeply penetrating waters. In shallow waters the alkali 
halides are found only in traces or very small quantities. 

Studies of the rhyolite through which the alkaline waters come to the 
surface have been made by Fenner, who has shown that a far-going re- 
placement of the sodium in the rock by the potassium in the water has oc- 
curred, leaving a spring water high in sodium and low in potassium. 

Hydrogen sulphide in the geyser basins seems to be oxidized almost com- 
pletely in contact with alkaline water, passing directly into alkali sulphate, 
instead of sulphuric acid as it does in sulphate areas. This accounts for 
the general absence of acid leaching in the geyser basins. 

Summary.—While the fundamental causes of thermal springs, so far as 
they have been studied by the writer, seem to be the same everywhere, 
an accidental condition like the occurrence of limestone in a basin where hot 
springs break out will change the type of hydrothermal development com- 
pletely; and in certain bicarbonate springs such minor factors as the length 
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or smoothness of an outlet channel, the presence of natural dams over 
which the water drips, pools where the water is brought to a stand-still, or 
the amount of gas that escapes from the springs, prevent or determine 
the deposition of travertine. 

Finally, in the absence of limestone, topographical features, by controlling 
the local supply of ground water and the depth to which it penetrates, 
bring about such radical diversities of type as we see between sulphate 
areas on the one hand and geyser basins on the other. 

* Important parts of this article are taken from a forthcoming book: Hot Springs 
of the Yellowstone National Park, by E. T. Allen and Arthur L. Day. Microscopic 
examinations by H. E. Merwin. 

1 By thermal dissociation of bicarbonate in springs of high temperature, where the 
rising carbon dioxide is very slight, some carbonate is formed. 


MICROSYOPSINZ AND HYOPSODONTIDZ.IN THE SESPE 
UPPER EOCENE, CALIFORNIA 


By CHESTER STOCK 
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TECHNOLOGY 


Communicated April 26, 1934 


Introduction.—Occurring in association with the recently described 
tarsiid,! Dyseolemur pacificus, in the Eocene deposits, north of the Simi 
Valley, California, is a new genus of the subfamily Microsyopsine and a 
new species of the genus Hyopsodus. Aside from the interest inherent in 
the new types, the presence of these forms gives added reason for regarding 
the faunal assemblages now being uncovered at locality 180 and strati- 
graphically related localities in the Sespe as definitely older than that known 
from locality 150. Moreover, these types suggest again a post-Bridger 
and an upper Eocene age for this stage in the succession of faunal horizons 
of the Sespe. 


MICROSYOPSINA: 


Craseops sylvestris, n. gen. and n. sp. 


Type Specimen.—Three associated right upper molars, No. 1580 Calif. 
Inst. Coll. Vert. Pale., plate 1, figure 1. 

Paratype-—Fragment of right lower jaw with M2 and M3, No. 1399, 
plate 1, figures 2, 2a. 

Locality —Tapo Ranch, Sespe Upper Eocene deposits north of the Simi 
Valley, California, Locality 180 Calif. Inst. Tech. Vert. Pale. 














(Description on opposite page.) 


PLATE 1. 
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Generic and Specific Characters.—Distinctly larger than Microsyops 
annectens. Differs from Microsyops and Cynodontomys in more inwardly 
placed paracone and metacone with more prominent development of 
parastyle and especially the mesostyle, and broader ledge at outer base of 
external cusps. Lower molars similar to those in Microsyops. 

Discussion.—Craseops shows a progressive advance in size beyond the 
earlier representatives of the Microsyopsine. The apices of the paracone 
and metacone have been pushed inward farther in the upper molars of the 
Sespe type than in those of either Microsyops or Cynodontomys and the 
crests which each cusp possesses outline an external V-shaped embay- 
ment. This is particularly striking in the first molar and least developed 
in the metacone of M3, figure 1. The mesostyle is a distinctly more 
prominent feature in the molars of Craseops than in those of either Micro- 
syops or Cynodontomys. The external cingulum is likewise better de- 
veloped and a broad ledge swings around the antero-external corner of 
each tooth, making this region more prominent than in teeth of the ante- 
cedent forms. The protoconule is distinctly developed but the meta- 
conule shows decidedly more reduction in the Sespe genus, being vestigial 
or obsolete in the anterior molars. The hypocone becomes progressively 
reduced in the molars from M1 to M3 inclusive. As in Microsyops, M2 
is the largest tooth of the molar series, but narrows more internally than in 
the former. M3 exhibits no greater reduction in size with reference to the 
anterior molars, in our form than in Microsyops annectens. 

Aside from a difference in size, the two posterior molars (M2 and M3) 
in No. 1399, figures 2, 2a, are strikingly similar to comparable teeth in 
Microsyops. In the trigonid region of these teeth the paraconid is crest- 
like and low and resembles that seen in Microsyops in lack of prominence 
as a distinct cusp. In Cynodontomys, a still earlier form, the paraconid 
crest ends internally in a small cusp-like enlargement. 


DESCRIPTION OF PLATE 1 


Craseops sylvestris, n. gen. and n. sp. 


Figure 1, type specimen, M1-M3, No. 1580, occlusal view; X2. 
Figures 2, 2a, paratype, No. 1399, inner and occlusal views; X2. 


Hyopsodus egressus, n. sp. 


Figures 3, 3a, type specimen, incomplete ramus with P4-M3, No. 1590, lateral and 
occlusal views, X 2. 

Figures 4, 5 and 6, paratypes, Nos. 1596, 1597 and 1598, occlusal views; X 4. 

Figures 7 to 7c, incomplete ramus with lower teeth, No. 1292, lateral and occlusal 
views; X 2. 

California Institute of Technology Collections. Sespe Upper Eocene, California. 
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The time relationships of the three known genera of the Microsyopsine 
from the Eocene of North America may be indicated as follows: 


Upper Eocene (Sespe) Craseops 
Middle Eocene (Bridger) Microsyops 
Lower Eocene (Wasatch) Cynodontomys 


COMPARATIVE MEASUREMENTS (IN MILLIMETERS) 


MICROSYOPS CRASEOPS 
ANNECTENS SYLVESTRIS 
no. 12049 no. 1580 
A.M.N.H. C.LT. 
M1, anteroposterior diameter 4.8 6.3 
M1, transverse diameter 5.7 6.6 
M2, anteroposterior diameter a4.9 6.4 
M2, transverse diameter 6.5 7.5 
M3, anteroposterior diameter 4.6 5.5 
M3, transverse diameter 5 6 
No. 12050 No. 1399 
A.M.N.H. C.L.T. 
M2-M3, anteroposterior diameter 10.8 12.9 
M2, greatest transverse diameter 3.9 4.6 


a, Approximate. 


HYOPSODONTIDAE 
Hyopsodus egressus, n. sp. 


Type Specimen.—Fragment of right ramus with P4-M3, No. 1590 
Calif. Inst. Tech. Coll. Vert. Pale., plate 1, figures 3, 3a. 

Paratypes.—Three upper molars, Nos. 1596, 1597 and 1598, plate 1, 
figures 4, 5 and 6. 

Referred Specimens.—Several incomplete rami with teeth, Nos. 1587, 
1588, 1589 and No. 1292, plate 1, figures 7 to 7c inclusive. 

Locality—Tapo Ranch, Locality 180 Calif. Inst. Tech. Vert. Pale. 
Sespe upper Eocene deposits, north side of Simi Valley, Ventura County, 
Calif. 

Specific Characters.—Teeth equalling or exceeding in size those of 
Hyopsodus walcottianus. H. egressus differs from this species and from 
H. powellianus in greater reduction in size of hypocone in upper molars. 
Resembles H. simplex in small size of hypocone, but differs from this 
species in decidedly larger size of teeth. P4 relatively slender; deutero- 
conid small and appressed against principal cusp. M1 and M2 with double 
antero-internal cusp, no metastylid. 

Description—The Sespe type, although resembling in size the species 
Hyopsodus walcottianus, is more like H. simplex in certain significant 
characters of the dentition. Thus, our form, as in H. simplex, exhibits a 
considerable reduction in size of the hypocone in the molars, figures 4, 5 
and 6. In this particular feature the Sespe species has carried the re- 
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duction farther than in simplex, although the difference between the two 
may not be great. Asubdued cingular cusp is present on the anterior molar, 
figures 5 and 6, while the cusp is no longer observable in 1/3, although the 
cingulum remains. M3 in the Sespe species does not appear to have suf- 
fered quite so much reduction as the comparable tooth in H. simplex. 
At any rate, the metacone in this tooth approaches a size more like that in 
the anterior molars, whereas in simplex this cusp has lost its normal char- 
acter with transverse contraction of the posterior portion of the tooth. 

The cingulum is well developed in the molars and in some instances may 
encircle practically the entire tooth. 

The intermediate cuspules of the anterior molars, when moderately 
worn, may show each two spurs or worn crests which diverge outward 
and extend toward the base of each of the principal outer cusps. Similar 
characters, although less marked, have been observed in molar teeth of 
specimens representing the species H. paulus in the collections of the 
American Museum of Natural History. 

In the type specimen, No. 1590, and in one of the referred specimens, 
No. 1292, the jaw is not so deep as that of No. 14,654 A.M.N.H., represent- 
ing the species H. walcottianus from the Lost Cabin Beds of the Wind 
River Basin, Wyoming, but the Sespe material is, on the other hand, more 
massive and the teeth are slightly larger. P4 is relatively narrow with the 
inner median cusp (deuteroconid) appressed against the principal cusp. 
From the latter extend the anterior and posterior crests, which are not so 
well developed as in H. walcottianus or in H. powellianus. At the base of 
the forward crest is a small basal ledge. P3, as preserved in No. 1292, 
is more compressed transversely than in H. walcottianus. Although P2 
is not present in No. 1292, this tooth may have been lost during the life 
of the individual. However, no very clear, if any, external indication of 
the former presence of alveoli can be determined. 

Immediately in front of the alveolus for the single-rooted P1 is the 
alveolus for, and remnant of the canine. A short diastema extends in front 
of the canine, reaching the broken anterior edge. An anterior mental 
foramen is situated below the anterior end of P1. A second and very small 
opening is situated below P3. 

In the trigonid region of M1 and M2 the antero-internal cusp is rep- 
resented by the metaconid against the forward side of which is appressed a 
smaller cusp. The latter is connected by the anterior transverse crest with 
the protoconid, while the metaconid proper is connected at its base with the 
oblique crest which extends forward and inward from the hypoconid. A 
metastylid is absent. In Haplomylus a very much reduced paraconid can 
be seen in M1, but is not present in M2 or in M3. In Hyopsodus simplex 
a cusp is appressed against the anterior flank of the metaconid. It is of 
smaller size than the metaconid and the tip is lower. In the Sespe speci- 
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mens the hypoconulid is distinct from the entoconid and in M1 and M2 
is situated to the inner side of the median line. In M3 the hypoconulid is 
distinctly larger than the entoconid and encroaches more on the median 
posterior border of the tooth. An anterior cingulum is present on the 
molars. Length of molar series in type specimen No. 1590 is 22.7 mm. 

Relationships.—The existence of several phyla within the Hyopsodus 
group, as recognized by Matthew, is suggested also by the relationships of 
the Sespe form. Evidently our type is more closely related to Hyopsodus 
simplex than to other described species of the genus in the small size of the 
hypocone of the upper molars. Offsetting the resemblance in this char- 
acter, however, is the difference to be noted between the two species in lack 
of any noticeable reduction of metacone in M3. In presence of distinct 
entoconid and hypoconulid in M3, H. egressus presumably marks an ad- 
vance beyond the stage represented by H. simplex. The Simi species comes 
closest in size to H. walcottianus, but the latter occurs in the Lost Cabin 
Beds, Wind River Basin, Wyoming, and represents a much earlier form. 
H. egressus is decidedly larger than H. wintensis from the Diplacodon beds 
of the Uinta and antecedent species of the Bridger. The type specimen of 
H. fastigatus, recently described by Russell* from the Swift Current Beds, 
Saskatchewan, is smaller than comparable teeth in specimens from locality 
180 and, moreover, possesses a metastylid. 


1 Stock, C., Proc. Nat. Acad. Sci., 20, 150-154 (1934). 
2 Russell, L. S., Trans. Roy. Soc. Canada, 3rd ser., sect. IV, 27, 61 (1933). 


BIOLOGICAL ACTION OF SMALL DEFICIENCIES OF X-CHROMO- 
SOME OF DROSOPHILA MELANOGASTER 


By M. DEMEREC 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, 
CoLp SPRING Hargor, N. Y. 


Communicated May 14, 1934 


One of the interesting questions which arose out of our study of the vari- 
ous problems related to the action of genes was the question of what a tissue 
would look like if a locus is missing, viz., if the forked locus is missing, would 
the phenotype of the tissue be forked or would it be wild-type? Since 
there was reason to believe that a deficiency for even one locus is lethal for 
the organism an experiment was planned in such a way as to produce the 
deficient tissue of the desired constitution in small patches on the bodies of 
the flies. Minute-n character, which Bridges (1925) has shown to be a 
cause of frequent eliminations of the X-chromosome, was used to produce 
mosaics. 
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Very soon, however, it became evident that some deficiencies are lethal 
even to small patches of tissue. This finding changed the scope of the 
original problem to include a study of the importance of the various regions 
of the X-chromosome for vital functions of cells. Up to the present time 
24 small deficiencies have been studied, involving 11 regions of the X- 
chromosome. A report will be given here on the results of these studies. 
A preliminary statement has been made at the Boston meeting of the Genet- 
ics Society of America (1934). 

Methods.—All but four deficiencies investigated in this work were induced 
by x-rays in this laboratory. Of the four received from outside, number 6 
(table 1) is Notch-8, number 24 is Minute-n and numbers 15 and 20 are 
two obtained from the Drosophila laboratory of the California Institute 
of Technology. Treated males were mated to females carrying a number 
of sex-linked characters, and F females showing any of these were isolated 
since they carried a change in the treated X-chromosome, which in majority 
of cases proved to be a deficiency. 

There are no reliable criteria for identifying deficiencies. The best dis- 
tinguishing characteristics are the dominance of the recessive mutant, 
when deficiency is in the other homologous chromosome, and the lethal 
action of homozygous deficiency. However, this does not presuppose 
that all deficiencies are lethal nor that all lethals are deficiencies. In 
addition to lethal action, in many instances, deficiencies exaggerate the 
affect of the mutant gene for which they are deficient. 

Stern (1934) has shown that autosomal minutes induce frequently a 
segregation of X-chromosomes in somatic cells of females. On females 
which have in one ot the X-chromosome singed (sm) and in the other yellow 
(y), and which are also heterozygous for an autosomal minute (J), twin 
patches are frequently found, one of which is yellow and the other singed. 
This finding gave a valuable tool for work on our problem and we are in- 
debted to Dr. Stern for advance information regarding his work. 

The method used in testing deficiencies, then, was to introduce a de- 
ficiency to be tested into the chromosome carrying either singed or yellow 
of y/sn M/+ females and to observe mosaic patches. If twin patches 
appeared this indicated that deficiency is not lethal to a small group of 
somatic cells, and if only one patch appeared where twin patches were ex- 
pected, that indicated that deficiency is lethal for even a small group of 
cells. Since this method is sensitive enough to detect a lethal effect in a 
few cells, the lethals of this type are called ‘‘cell lethals.”” This name, how- 
ever, does not imply that these lethals are lethal to single cells, though this 
possibility is not excluded. 

Observations indicate that twin spots invariably appear whenever area 
of a spot covers three or more hairs and bristles, and where a spot is located 
on a region of the body where the adjacent spot could be detected. It has 
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been noticed that even a spot covering two hairs and bristles is in majority 
of cases large enough to enable the other twin spot to show up. In making 
observations, therefore, only spots located on the central region of the 
thorax were considered, since this region is evenly covered with hairs and 
bristles. The conclusion that a deficiency is a cell lethal was reached when 
four or more single spots covering at least three hairs or bristles were found. 
Experience indicates that even one large single spot would have been suf- 
ficient for drawing a conclusion. 

Results.—A summary of the data is given in table 1. In figure 1 the 
location and the extent of the deficiencies on the chromosome map are shown. 


TABLE 1 


A List or X-CHROMOSOME DEFICIENCIES WHICH WERE TESTED FOR CELL-LETHAL 
EFFECT 

EXPERIMENT LOCI TESTED MAXIMUM CELL- NOT CELL- 
NUMBER INCLUDED NOT INCLUDED LENGTH LETHAL LETHAL 
258-2 pnw br-fa 2.4 
258-3 pnw br-fa 
258-11 pn-fa 
258-14 pn-fa 
264-2 w-ec 
264-3 pn-ec 
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268-1 Sscp-sn 
268-2 Scp-sn 
268-3 scp-sn 
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259-4 v-dy 
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271-3 s-? 
271-4 s-sel 
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Discussion.—The data show that all deficiencies which have been tested 
involve a very minute region of the chromosome. In 12 out of 20 cases 
induced in this laboratory the deficiency affected one known locus only. 
At present there is no way of determining whether or not in any of these 
deficiencies only one locus was involved. Indirect evidence, however, sug- 
gests that in a large proportion of these cases a single locus may have been 
deficient. The evidence is as follows: It is known from work of Sturte- 
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vant (1928) that the loss of bar locus produces a wild-type phenotype and 
that such loss is not lethal when homozygous. All known deficiencies for 
other loci have a homozygous lethal effect. During these studies 18 losses 
of bar locus were observed, 11 of which were not lethal and 7 were con- 
nected with a lethal effect. It seems reasonable to assume that bar locus 
alone was affected in the first 11 cases and that a deficiency in an adjacent 
locus was responsible for the lethal effect in the 7 other cases. If a similar 
relationship were to hold tor other loci, it can be expected that in about 
two-thirds of deficiencies only one locus would be involved and that in 
about one-third of them more than one locus would be included. At 
present we have 17 deficiencies for w N ct and g loci, but only those which 
have been analyzed are included in table 1. Out of these 17 deficiencies, 
5 involve more than one known locus and 12 include only one of the known 
loci. Here, also, in about two-thirds of cases only one locus was involved, 
though in this case only known loci were taken into account. 

However, the relationship between changes in adjacent loci is more in- 
volved than is indicated by the evidence presented above. It was found 
that out of 9 losses where B’B‘ was present in the same chromosome 7 in- 
cluded both Bs and in two cases only single B’ wasinvolved. This sug- 
gests that the frequency of the change in more than one locus may be a 
function of either the distance between adjacent loci or of the chemical 
similarity of these loci or, most probably, of both. This is supported by 
the fact that-all three deficiencies for g available in our collection included 
ty also, which is located only 0.1 unit from g. Since, however, it is reason- 
able to assume that both the distance and the chemical similarity between 
B‘B' loci is closer than between the average loci, the proportion of changes 
in one and in more than one locus may be closer to the average in cases 
where single B was present than in cases where B‘B’ was used. 

If a 2:1 ratio exists between changes affecting a single locus and those 
affecting more than one locus then among five deficiencies for the same 
locus obtained at random, the chance that at least one of them was a 
single locus deficiency would be 2.6 in one hundred. More than one de- 
ficiency for each locus was studied whenever that was possible in order 
to make it probable that at least one single locus deficiency was tested for 
each region. 

Out of 11 regions of the X-chromosome, which were studied, all but one 
were found to be cell-lethal when deficient. In the case of the only region 
which did not act as a cell-lethal (c/) it has been observed that one of the 
twin spots was weaker, viz., had smaller and more frequently missing hairs 
than the other spot, indicating that the deficiency, while not eliminating 
the tissue, makes it weaker. 

This evidence suggests that small deficiencies, in some cases probably 
single loci deficiencies, for ten out of eleven regions of the X-chromosome 
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are lethal to even minute groups of somatic cell. This in turn means that 
these regions or loci play an important part in the life of these cells, viz., 
that they are elements essential for their vital functions. 

The mosaic spots produced by the minute used in this experiment are 
small; they never exceed an area covering more than one-eighth of the sur- 
face of the thorax. That means that they are produced fairly late in the 
ontogeny of the fly. The above conclusions, therefore, apply to the late 
ontogeny of females. It is possible that conditions in the early embryonic 
development or in the males may be different, though there is no evidence 
at present to indicate that this is so. 

Summary.—Twenty-four small deficiencies affecting 11 regions of the 
X-chromosome were studied. All but one of these regions were found to 
be cell-lethal, viz., in homozygous conditions they prevented the appear- 
ance of mosaic spots consisting of a few cells. Evidence is presented which 
indicates that some of these deficiencies may have affected one locus 
only. 
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ONTOGENY AND PHYLOGENY OF MAN’S APPENDAGES 
By Cuas. B. DAVENPORT 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, COLD SPRING 
Harsor, N. Y. 


Read before the Academy, Monday, April 23, 1934 


Man is one of three different kinds of mammals that stand on their hind 
legs. The other two are the kangaroo and the jumping mouse (Fig. 1).* 
In comparing man with the other two erect forms one observes that 
whereas the kangaroo and the jumping mouse have very short anterior ap- 
pendages, about one-third of the length of the hind legs, man has arms that 
are over two-thirds as long as his legs. 

In the wombat (table 1, line 7) the arms (fore legs) are somewhat shorter 
than thelegs. The kangaroo (table 1, line 11) which was doubtless derived 
from wombat-like ancestors, has thus an intermembral index reduced to 
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1/2 of its nearest quadruped type. Also the jumping mouse (table 1, line 
12) which was doubtless derived from the type of a field mouse (table 1, 





MACROPUS MAJOR ZAPUS HUDSONIUS HOMO SAPIENS 
FIGURE 1 


line 9) has its intermembral index reduced to about 1/2 of that of this quad- 
ruped. Similarly, man, assuming him derived from a brachiating type 
like the gibbon (table 1, line 3), has his index reduced to '/2 of the arboreal 


TABLE 1 
INTERMEMBRAL INDEX 


Promops nasutus (bat) 

Pongo pygmaeus (orang) 

Hylobates hoolock (gibbon) 

ee Ct a ee 
Pan eatyris (Chimpanzee)... cc es 
Canis familiaris (dog) 

Phascolomys mitchelli (wombat)................. 
Lemur variegatus (lemur) 

Microtus manitoba (field mouse)................. 
Homo sapiens (man) 

Macropus rufus (kangaroo) 

Dipus orientalis (jumping mouse)................ 


at ee 


type, i.e., from 135 to 68 (table 1, line 10). Thus, in general, the erect form 
has its intermembral index reduced to one-half of the corresponding quad- 
rupedal form. 
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Had the ancestor of man been a quadruped, like the lemur, instead of an 
arboreal form with long arms, it is probable that erect man would have had 
shorter arms and, in consequence, arms far less capable of functioning as 
servants of the brain. Under those circumstances man would hardly have 
developed along the lines of intellectual activity that he has. 

The relation of the length of the arm to the length of the leg, the latter 
being taken as 100, is commonly called the ‘‘intermembral index.” In the 
development of the child (Fig. 2) this intermembral index starts at about 
125% in the third month of gestation, falls rapidly to about 92% at birth. 


INTERMEMBRAL INDEX ot (-ea-tay- ea) 
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FIGURE 2 


Development-curve of intermembral index at successive ages to 30 years; partly 
compiled. 


The child in utero, therefore, has at first an intermembral index much like 
that of the young of the gibbon (Schultz, ’33, p. 399) or chimpanzee, 
and during the intrauterine life is gradually becoming transformed from 
so long armed a creature into the relatively short armed man. This proc- 
ess of reduction in the intermembral index is finished at about 14 years of 
age in the boy, and thereafter increases slightly. 

The arm arises as a bud on the side of the chest of the foetus at about the 
end of the first month of gestation. It becomes an elongated appendage by 
virtue of the fact that the velocity of the growth of the bud is greater than 
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that of the transverse diameter of the trunk. One can express the rela- 
tive growth of the arm, as compared with the biacromial breadth by means 
of the formula proposed by Huxley: = b.x* in which k is the quotient of 
the rate of the growth of the arm, divided by the rate of growth of the 
transverse diameter of the chest. k& has been calculated in certain indi- 
vidual children for the period roughly 6 to 16 (or 18) years of age. When 
the relation of that arm length to biacromial breadth is plotted on double 
logarithmic paper then the generalized course of the resulting curve is 
represented approximately by a straight line, asin G. P. figure 3. In the 
case of G. P. during the period under consideration, the arm grows in ac- 
cordance with the equation when k is given the value of 1.3. On the other 
TENGIH. 
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FIGURE 3 
Graphs of relation of net arm length to biacromion 


breadth plotted on double logarithmic paper, with 
straight line of growth y = b.x*. 


hand, in the case of another boy, W. S. the curve of the relation of net arm 
length to. biacromial breadth cannot be represented by a single line, but 
by a broken line of which the younger part has the exponent 2.5, and the 
older part, exponent 1.5. W. S. thus has an arm that is growing through- 
out on a much faster rate compared with the biacromial breadth than 
is the case with G. P. This boy is destined to have relatively long arms. 

The arm has two principal segments, the upper arm and the lower arm, 
as far as the wrist. The relation of the lower to the upper segment is one 
which changes during development. (Fig. 4.) At about the third month 
of gestation the relative length of the lower arm to that of the upper arm 
(that of upper arm being taken at 100) is 74. The ratio rises rapidly to 
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about 90 at birth. It then falls, as shown in figure 4 to about 13 years in the 
case of boys and 12 years in the case of girls. There is thus a very peculiar 
discontinuity in the developmental curve of this ratio. The question 
arises, what does it mean? 

If we examine the very limited data that we have upon the changes 
of the brachial i=dex during gestation of other Primates,’ then it appears 
thai in the Primates also the brachial index rises during gestation io 80 or 
85. However, in the apes the ratio continues to increase until in the adult 
chimpanzee it is about 94, in the gibbon, 107. In its intrauterine course, 
therefore, the human child passes through a series of changes of the index 
which are closely comparable with those of the anthropoid apes, but instead 


AVERAGE DEVELOPMENT OF HUMAN BRACHIAL INDEX (4eesr orm Jens » ) 





74% 





Bt ee eee : ee a, te, es Sa 15 Yrs. 
SCAMMON BABIES’ HOSPITAL NIGGLE-HORLIMANN LETCHWORTH VILLAGE 
and CALKINS 
FIGURE 4 


Development-curve of brachial index from intrauterine life to puberty. Data from 
various sources as named. 1/2 to 5 years, data sparse. 


of maintaining the large ratio acquired at birth, as the anthropoid apes do, 
the human arm undergoes a rapid reorganization, such that the lower arm 
falls behind in relative length from birth to adolescence. We thus obtain 
an interpretation of the human individual development curve of the bra- 
chial index, in that the prenatal part follows the general Primate trend, 
preparing the child, as it were, for an arboreal, brachiating, life; but from 
birth on the brachial index deviates more and more from the brachiating 
plan, and acquires that of adult man. 


* A better example of a bipedal mouse than the Zapus figured is the less familiar 
Dipus orientalis (aegypticus), or jerboa. 
{ As given by Schlaginhaufen and Mollison. 
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THE REACTION OF THE STIGMATIC TISSUE AGAINST POLLEN- 
TUBE GROWTH IN SELFED SELF-STERILE PLANTS 


By E. M. East 
HARVARD UNIVERSITY, BuSSEY INSTITUTION, JAMAICA PLAIN, MAss. 


Communicated May 7, 1934 


In earlier papers I have pointed out an analogy between the reactions 
taking place in styles of selfed self-sterile plants of Nicotiana Sandere and 
the antigen-antibody reactions which occur in animals. Some recent in- 
vestigations of pollen-tube growth indicate that this analogy is more precise 
than had previously been supposed. 

In 1917, East and Park’ reported a number of studies of pollen-tube 
growth rates in this species and in NV. alata. The method used was to polli- 
nate a series of comparable flowers on a given plant with their own pollen 
or with pollen from another plant at as nearly the same time as possible, 

‘and then to fix, section and stain the styles at successive intervals. 
Though it was found that there was some difficulty in arriving at a correct 
estimate of the average distance traversed at any given time, owing to a 
normal variation of several hours in the time required for the germination 
of the pollen grains and to the fact that the pollen tubes frequently swell 
markedly at the ends and stop growing, it was found possible to determine 
several fairly accurate curves by taking points representing the modal 
condition of the most advanced cohort of tubes in each case. Since the 
sections of a single style would show a hundred or so tubes grouped thus 
within a distance of one millimeter from each other, it was assumed that 
these were the effective pollen tubes. 

The results were consistent in that each curve from an incompatible 
mating approached a straight line having an increment varying between 
1 mm. and 3 mm. a day, while each curve from a compatible mating ex- 
hibited a rather constant acceleration. 

Although the pollen-tube growth-curves from the incompatible matings 
are fairly described by saying that they ‘‘approached” straight lines, as a 
matter of fact there is indication (see Fig. 3 in the paper cited) that a de- 
pressive influence becomes operative during the early growth of the tubes 
which brings about a slight change in the trend. 
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In addition to these two distinctive types of pollen-tube growth mani- 
fested under normal conditions, it has been found that the fertility of in- 
compatible matings is increased (a) during the last week or so of the flower- 
ing season and (0) by pollination of the young flower between 24 hours and 
48 hours before it is due to open. Seeds have been obtained through ‘‘end- 
season” fertility in over half of the various combinations of the fifteen 
known allelomorphs of the self-sterility gene S which have been investi- 
gated. Seeds have also been obtained by bud pollination from all the 
combinations except 51S, SiS;, SS, and S;Ss. 

Naturally one asks the question: Why can these self-incompatible 
plants be selfed in the bud, or at the extreme end of the flowering season, 
and not in the open flower or during the height of the flowering season? 


a 
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FIGURE 1 


Pollen-tube growth curve of S,Ss. O is for mature flower; 
B is for flower pollinated in bud 24 hours before opening. Points 
probably due to growth of Sx. 


It was thought that a more careful study of pollen-tube growth, as shown 
in smears and sections of the pistils fixed at given times after pollination, 
might give the answers to these questions and thus throw some light on the 
physiological reactions involved. In furtherance of this plan, all the 
paraffin section methods and smear methods mentioned in the literature as 
being suitable for pollen tubes have been tried by my technical assistants, 
but without conspicuous success. The earlier slides, stained with safranin 
by East and Park, were satisfactory. Unfortunately, however, it has been 
impossible to duplicate the results then obtained. The slides studied at 
that time were stained with a German safranin product purchased before 
the World War, and no comparable results have been obtained from the 
various lots of safranin available since. The best results have been ob- 
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tained with sectioned material stained with 0.5 per cent thionin in 20 per 
cent alcohol. This stain brings about an excellent contrast in the short 
abortive tubes, but does not serve so well in differentiating normal tubes. 
Nevertheless, it was found that it was possible to detect the ends of the 
tubes if the slides were studied slowly and carefully under a magnification 
of 600 diameters. 

About one thousand slides prepared by this method were studied by the 
writer and by Miss Estella Humphrey, who prepared the greater part of 
them. Genotypes used were S1So, S153, S1S4, SiSe, SiS7, SiS, S159, S,Si0, 
SiSiz, SpSi, S2S2, SpS; and SioSio. In some instances, growth curves were 
obtained from several plants; and in the case of S,S,;, three clones were 
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FIGURE 2 





Pollen-tube growth curve of S,S:. O is for mature flower; 
B is for flower pollinated in bud 48 hours before opening. Points 
probably due to growth of Sy. 


studied. In my opinion, there is adequate evidence for the following con- 
clusions. The observations upon which they are based are numerous and 
consistent. The three curves shown are representative samples. 

1. In the self-sterility genotypes which are self-fertile in the bud—and 
by this term it is meant to include only pollinations made 24—48 hours be- 
fore the flower is due to open—the growth curve of the pollen tubes is a 
straight line. In flowers from these same plants which have been selfed 
just after the flower has opened, the pollen-tube growth-curve is depressed 
after a growth of 8-10 millimeters. The depressive effect (see Figs. 1 and 
2) is so marked that fertilization cannot take place within the usual “‘life’’ 
of the flower. The time that the flower remains on the plant is ordinarily 5 
days, and is seldom more than 7 days. 
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The most plausible inference from these facts is that there are substances 
present in the stigmatic tissue of the mature flower which react with sub- 
stances present in the pollen tube, thus causing pollen-tube growth to be 
inhibited. These substances are not present in the bud. They appear 
sometime during the twenty-four hour period preceding the opening of the 
flower. As the pollen passes this zone of interference in the stigmatic 
tissue, the effect tends to be lost. The growth of the pollen tubes again 
approaches a straight line trend, but at a slower growth rate. 

2. In self-sterility genotypes which are not self-fertile in the bud, both 
the bud pollinations and the open flower pollinations have pollen-tube 
growth-curves which exhibit similar depressive changes in trend while pass- 
ing this same stigmatic zone of interference (Fig. 3). 


POLLEN TUBE LENGTHS IN MM 
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TIME IN HOURS 
FIGURE 3 


Pollen-tube growth curve of 5,5; O is for mature flower; 
B is for flower pollinated in bud 24 hours before opening. Points 
probably due to growth of both S,; and Sy. 


One infers that in these genotypes the inhibiting substances are developed 
earlier. 

3. In nearly all the growth-curves comparing self-pollinations of open 
flowers and of buds from the same plant (Fig. 1 is typical), the growth 
rate of the pollen tubes in the mature flower is more rapid than the growth 
rate in the bud, previous to passing the interference zone. 

The cause of this phenomenon appears to be the more satisfactory sup- 
ply of nutrients by the mature flowers during the period before the in- 
compatibility reaction occurs. 

4. End-season fertility of self-sterile plants is presumably due to the 
fact that during the last week of the flowering season the plants are unable 
to produce adequate amounts of the substances which cause the incompati- 
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bility reaction. In this case the pollen-tube growth-curve of selfed self- 
fertile plants, even on mature flowers, is essentially a straight line. Only 
the slightest indication of a depressive effect at the interference zone is 
shown. 

5. Slides made at successive periods after very young buds have been 
selfed, buds which are not due to open for 72-96 hours, show that the pollen 
grains fail to germinate. The tissue of the stigma is quite immature. 
The cells contain no cytoplasmic substances stainable in thionin. About 48 
hours before the flowers are due to open, however, globules of substances 
staining reddish brown with thionin appear within the cells of the stigmatic 
tissue. These substances begin to diffuse out of the cells about the time 
the flowers mature. It is suggested that these substances are connected 
with the incompatibility reaction under discussion. The change in the 
trend of the growth curves is coincident with their diffusion from the cells 
to the intercellular spaces. I have been unable to determine their nature. 

6. Evidence has already been presented? (East, 1934) which indicates 
that the two major influences affecting pollen-tube growth are (a) a nutri- 
tive reaction, and (>) a mutual reaction between style and pollen tube 
resembling a reaction of the antigen-antibody type. The second reaction 
is the incompatibility reaction. The pollen-tube growth studies made 
here corroborate the previous finding. 

7. If it be granted that the constant growth of the pollen tubes in bud 
pollinations is illustrative of a purely nutritive reaction, then these growth- 
curves represent a new type. There is some acceleration, naturally, after 
the pollen grains germinate; but from a period of about four hours after 
pollination, the growth is constant. There is no accumulation of depressive 
factors. In all other growth studies of which I am aware, such cumulative 
depressive factors put in an appearance earlier or later, and cause the 
growth curve to take the logistic form first described by Verhulst. 


1 East, E. M., and Park, J. B., “Studies on Self-Sterility. II. Pollen-Tube Growth,” 
Genetics, 3, 353-366 (1918). 

2 East, E. M., “Norms of Pollen-Tube Growth in Incompatible Matings of Self- 
Sterile Plants,” Proc. Nat. Acad. Sci., 20, 225-230 (1934). 
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ON THE SUMMABILITY OF FOURIER SERIES. FIFTH NOTE! 
By EInarR HILLE AND J. D. TAMARKIN 
YALE UNIVERSITY AND BROWN UNIVERSITY 


Communicated April 24, 1934 


1. Let f(x)c L over (—7, 7) and be periodic, of period 27. Let 


f(x) ~ fo +0 if + iia => Un(x), fy = (20)- fer Mat 
(1) 


Let & be a given matrix (d,,); m,n = 0,1,2, ..... We consider the 
method (2) of summation of the Fourier series (1), which consists in con- 
structing the ‘‘m-th transform” of (1), 


Tm(x; f) ~ - Guatt,(x), m = 0,1,2, ..., (2) 


and evaluating the generalized sum of (1) as the lim 1,,(x; f). 


The matrix % will be subjected to the restrictions (i-iv) below. These 
restrictions are of such general nature, however, that they are satisfied 
by a great majority of the definitions of summability known in the litera- 
ture. Our first condition on % is significant only in the case where Y% is 
of infinite reference. It is automatically satisfied for all Y of finite refer- 
ence. If % is of infinite reference the series in (2) may not converge; we 
require only that 


foo) 
(i) The series >) Gm,%,(x) is a Fourier series for every m, and its gen- 


0 
erating function r,,(x; f)C L whenever f(x) Cc L. 
Next we introduce a condition which is one of the two classical conditions 
of regularity of the method (2f): 


(ii) There exists a fixed constant A such that 


Fl Ries — Omn+1 | Ss A,m = 0,1,2, .... (3) 
n=(0 

In addition we assume that 
Onn —> O0Oasn—> o, m = 0,1,2, .... (4) 


This assumption is made merely in order to simplify our formulas; it 
does not involve any loss of generality. On setting 


Ym(0) i 0, Im(u) ‘eas 3 (Ginn ek Onn +1) = Amy —~ mums Um = [mu] + 1, u>0 


nimu 


(5) 
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we see that each g,,(u) is of bounded variation over (0, ©), with the total 
variation < A. Obviously, for a fixed m, we have 8 "| dqm(u) | — 0 as 
N-— >. For our purposes, however, we need a Pill condition, namely 
(iii) a |dqn(u) | —> 0 as N —> ©, uniformly in m. 
It auth be observed that condition (iii) is automatically satisfied by 


all “‘triangular’’ matrices since, for such matrices, dm, = 0, m > m and 
Im(4) = Qm(1) = Gm, U = 1. 

Our last condition is of the same nature as the one used by R. Schmidt? 
in his theory of ‘‘gestrahlte Mittelbildungen”’: 

(iv) There exists a set E = E() of values of u dense in the interval 
(0, ©) such that lim g,,(u) = q‘?(u) exists for all u CE. 


On the basis of (ii) it is readily proved that the limits g?(u + 0) exist 
for each u > 0, and that the function g(u; M1) = g(u) defined by 


q(0) = 0, g(u) = 3 [gu+0)+q%u-—O0),u>0, (6) 
is of bounded variation over (0, ~), while 
Im(u) —> q(u) asm —> ~~, at all points of continuity of g(u). (7) 
2. A point x is called an F-regular point of f(x) if the limit 
s(x) = heal d [fe + h) + fe — h)] (8) 
exists. A method of summation (%) is called F-effective if the m-th trans- 


forms T(x; f), m = 0,1,2, ..., of the Fourier series of f(x) belong to L 
whenever f(x) CL, and, in addition, 


Tm(x; f) —> s(x) as m —> ~ (9) 


at all F-regular points. In the present note we communicate the result 
of our investigation of necessary and sufficient conditions of the F-effec- 
tiveness of a method of summation (9%) satisfying conditions (i-iv) above. 
This result is embodied in the following 

THEOREM. A necessary and sufficient condition that a method of summa- 
tion (YX) satisfying conditions (i-iv) be F-effective is that (A) be regular and 
that the cosine Fourier transform of the function 1 — q(u), given by 


C(x) = 2)" [-a- q(u)} cos ux du, x > 0, (10) 


should belong to L over (0, ~). 
It should be observed that the veibiltiat 


g() = lim q(u) = 1 (11) 
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is implied by either the regularity or the F-effectiveness of (2). 
By the theory of Fourier transforms we see that 


1 — gq(u) = Gy" [ce cos ux dx, u > 0 (12) 


is continuous when C(x) CL over (0, ~). Thus we obtain an important 
necessary condition for the F-effectiveness. 

CoROLLARY. A necessary condition for the F-effectiveness of the method 
(2) is that the corresponding function q(u; X) should be continuous for all 
values u > 0. 

It should be emphasized here that g(u) need not be continuous at u = 0, 
as is amply demonstrated by examples. We shall sketch briefly the salient 
features of the proof, without going into any details. By an argument 
analogous to that used in our paper® it can be shown that 


ann = Pi em Bm(t)dt, (13) 
m = 0,1,2,..., 


Tm(x; f) = : ‘See + t) Bn(dt, (14) 


where 
Bm(t) = (2m sin ¢/2) [sin (mu + 1/2)t dqm(u) (15) 


is an even function which CL over (0, 7). An easy application of the 
classical necessary and sufficient conditions for the convergence to s(x) 
of the singular integral (14) yields the result that the regularity of the 
method of summation (21) combined with the condition 


Vento < M,m =0,1,2, ..., (16) 


is necessary and sufficient for the F-effectiveness of (WU). Hence, if we 
restrict ourselves to the class of regular methods of summation (2l) satis- 
fying the conditions (i-iv), then (16) becomes a necessary and sufficient 
condition for the F-effectiveness of (2f). The whole question now reduces 
to a discussion of the properties of q(u) in so far as they are affected by 
(7), (15) and (16). In carrying through this discussion a modification of 
the classical theorem of Helly concerning families of functions of uni- 
formly bounded total variation plays considerable réle. 

The lack of space does not allow us to give examples which would charac- 
terize the degree of generality of the methods of summation (%) which 
satisfy our conditions (i-iv). 
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According to a recent result of Paley, Randels and Rosskopf‘ conditions 
(i-iv) and C(x) CL are not sufficient for the L-effectiveness of the method. 
We expect to return to this subject in the near future. 


1 The first four notes of this series appeared in these PROCEEDINGS, 14, 915-918 (1928); 
15, 41-42 (1929); 16, 594-598 (1930); 17, 376-380 (1931). In these notes we were 
concerned exclusively with the methods of Hausdorff and Woronoi-Nérlund. The 
results of the present note were communicated to the American Mathematical Society 
on April 14, 1933. Cf. also E. Hille, ““Summation of Fourier Series,’’ Bull. Amer. 
Math. Soc., 38, 505-528 (1932). 

2R. Schmidt, “Uber divergente Folgen und lineare Mittelbildungen,” Math. Z., 
22, 89-152 (1925). 

3 E. Hille and J. D. Tamarkin, ‘On the Summability of Fourier Series. II,” Ann. 
Math., (2), 34, 329-348 (1933). 

4R.E. A.C. Paley, W. C. Randels and M. Rosskopf, “On the Summation of Fourier 
Series,’ Bull. Amer. Math. Soc., 40, 69-74 (1934). 


GROUPS OF ORDER 2” WHOSE SQUARED ELEMENTS CONSTI- 
TUTE A CYCLIC SUBGROUP 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated May 4, 1934 


The groups which have the property that the squares of their elements 
constitute a cyclic subgroup H were considered in these PROCEEDINGS, 20, 
203-206 (1934), but some of those coming under the heading of the present 
article were incorrectly described in that article. The present article aims 
to supply this deficiency and thus to complete the determination of all the 
groups in question. It was correctly noted in the former article that the 
elements of H are either invariant under such a group G or they are trans- 
formed into their inverses thereunder. If the order of H is 2”, m > 1, 
there is one and only one such G of order 2” + @ @& > 0, under which all the 
elements of H are invariant and which is not the direct product of such a 
group and of an abelian group of type (1, 1,1, -—-). Such direct products 
will always be excluded in what follows. A necessary and sufficient con- 
dition that this G contains invariant elements of order 2” * ! is that a is 
odd. 

Since those groups in which the elements of H are invariant under G were 
completely determined in the article to which we referred we shall assume 
in what follows that the elements of H are transformed into their inverses 


under G and that the order h of H exceeds 2. There is a characteristic 
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subgroup of index 2 which is composed of all the elements of G which are 
commutative with every element of H and is generated by the elements of 
highest order in G. This subgroup is either one of the given groups of 
order 2” *%, or it is the direct product of such a group and a group of order 
2” and of type (1,1, 1,-—-—). These direct products were not considered in 
the article noted above as possible subgroups of index 2 under G. Hence 
we shall first consider here those groups which satisfy the conditions im- 
posed on G and involve such a direct product as a subgroup of index 2. 
If n’ would exceed unity G would involve an invariant element of order 2 
and hence G would be a direct product of such a group and an abelian 
group of type (1,1, 1,-—). As this case is excluded it will be assumed that 
n’ = | in these direct products. 

The commutator subgroup of each of these groups is H and the commu- 
tator quotient group is of type (1, 1, 1,--). Exactly one-fourth of the 
elements of such a G are of order 2”*1 and every cyclic subgroup whose 
order exceeds 4 is invariant. In fact, every cyclic subgroup of order 4 
which appears in the given characteristic subgroup of index 2 is also invari- 
ant under G. When this characteristic subgroup is abelian it is of type 
(m + 1, 1) and the central of G is a cyclic subgroup of order 4 since it is 
assumed that G is not the direct product of such a group and a group of 
order 2. The elements of G which do not appear in this characteristic sub- 
group transform the elements of one of its cyclic subgroups of order 2”*1 
into their inverses while they transform the elements of the other into their 
2” — 1 powers. Hence exactly half of the elements of G which do not 
appear in this characteristic subgroup are of order 2 and the other half are 
of order 4. There is therefore one and only one such group. 

To determine the remaining groups when the given characteristic sub- 
group of index 2 is the direct product of a group of order 2 and a group 
whose squares constitute H it is desirable to emphasize the fact that all 
such groups have for their central the cyclic group of order 4, and hence 
just half of the elements to be added to this characteristic subgroup are of 
order 2 while the rest are of order 4 and have a common square. This 
results from the fact that these added elements transform two of the 
elements of order 2 in the central of this direct product into themselves 
multiplied by the characteristic element of order 2in H. Hence it follows 
that an added element of order 4 transforms the operators of the given 
characteristic subgroup in the same manner as some added element of 
order 2. If the given characteristic subgroup of index 2 is of order 2”*°*! 
its group of inner isomorphisms is of order 2° or of order 2*~* as it involves 
no invariant operator of order 2”*! or involves such an invariant operator. 

This characteristic subgroup involves 2“ invariant cyclic subgroups of 
order 2”*! whose operators are transformed either into their inverses or 
into their 2” — 1 powers by the added operators. These cyclic subgroups 
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appear in pairs such that if the operators of one are transformed into their 
inverses by an added operator ¢ of order 2 the operators of the other are 
transformed into their 2” — 1 power by ¢. When the given characteristic 
subgroup of index 2 involves no invariant operator of order 2”*! every 
cyclic subgroup of order 2”*! can be made to correspond to each other such 
subgroup in one of its automorphisms. Hence it may be assumed that any 
given one of these is transformed into its inverse by ¢. That is, ¢ transforms 
the operators of the given characteristic subgroup in one of the 2“ possible 
ways. Since the order of its group of inner isomorphisms is 2“ it is neces- 
sary to consider only one of these transformations and hence there is one 
and only one such group. 

When the given characteristic subgroup of index 2 involves invariant 
operators of order 2”*' its central contains two cyclic subgroups of this 
order which can be made to correspond in an automorphism of this charac- 
teristic subgroup. If a generator of one of them is transformed into its 
inverse by ¢ a generator of the other is thus transformed into its 2” — 1 
power. Hence ¢ may be assumed to transform the given central in a given 
manner. As every other cyclic subgroup of order 2+! may be made to 
correspond to an arbitrary such subgroup it is again necessary to consider 
only one transformation. This proves the following theorem: There is one 
and only one group of order 2” which has the property that the squares of its 
operators constitute a cyclic subgroup of order 2”",n —2 >m > 1, and that 1t 
involves a subgroup of index 2 generated by its operators of order 2"** which 
1s the direct product of a group of order 2 and a group whose squared elements 
constitute this cyclic subgroup but 1s not a direct product. 

In order to determine the remaining groups it is desirable to note some 
additional facts about the groups of order 2”** under which all the opera- 
tors of H are invariant but which do not involve an invariant operator of 
order 2"*1. Such a group G’ is non-abelian and it involves non-invariant 
operators of order 2 since it involves invariant cyclic subgroups of order 
2”*1 whose operators are not commutative. If the operators of G’ whose 
orders divide 2” constitute an abelian subgroup then this subgroup is of 
type (m, 1) and G’ involves two and only two cyclic subgroups of order 
2™+1_ If the operators of G’ whose orders divide 2” constitute a non- 
abelian group they include a non-invariant operator of order 2. The 
operators of G’ which are not commutative with this operator include an 
operator of order 2. The two subgroups of index 2 under G’ which are 
composed of all the operators which are commutative with these two opera- 
tors of order 2, respectively, have a cross-cut of index 4 under G’, composed 
of operators which are commutative with each of these two operators of 
order 2. 

This cross-cut involves operators of order 2”*! since G’ involves such 
operators. It is non-abelian since it is assumed that G’ contains no in- 
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variant operator of order 2"*!. Hence we may proceed as before and the 
group G’ is completely determined. If G’ is extended so as to obtain a G an 
added operator of order 2 cannot transform G’ in the same way as an added 
operator of order 4. For if it did, their product would be commutative 
with every operator of G and hence it would appear in H since this is the 
central of G’. This is impossible since all the operators of H are the prod- 
ucts of any given added operator of order 2 into other such added opera- 
tors. Hence the following theorem: There are two and only two groups of 
order 2"***1 which have the property that the squares of their operators con- 
stitute a cyclic subgroup of order 2”, but do not contain an invariant operator 
of order 2"*}, and involve a common subgroup of order 2"** generated by 
their operators of order 2™*?. 

It remains to determine the groups of order 2"t*+! which involve the 
group of order 2”** noted in the first paragraph of the present article as a 
common subgroup of index 2, a being odd, and hence this subgroup contains 
invariant operators of order 2"*!. When such an invariant operator 
under this subgroup is transformed into its inverse under G an added 
operator of order 2 can again not transform the operators of this character- 
istic subgroup in the same way as an added operator of order 4 since the 
product of two such operators could not appear in the central of this 
characteristic subgroup. This central is generated by the given invariant 
operator of order 2”*1, and all of its operators are the product of the given 
added operator of order 2 and other such added operators. The group of 
inner isomorphisms of this characteristic subgroup is of order 2*~' and this 
order is the number of ways in which an added operator can transform the 
operators of the given characteristic subgroup of index 2 after the trans- 
formation of the central has been fixed. 

From these facts it results that there are two and only two G’s which have 
the given characteristic subgroup of order 2"*“ as a common subgroup and 
transform its invariant operator of order 2”*? into its inverse. On the 
other hand, there is only one such group in which such an invariant opera- 
tor under this characteristic subgroup is transformed into its 2” — 1 
power since in this case an added operator of order 2 transforms the opera- 
tors of this characteristic subgroup in the same way as some added opera- 
tor of order 4. It therefore results that when ais even andn — 2 >m >1 
there are three and only three groups of order 2" which have the property that 
the squares of their operators constitute the cyclic subgroup of order 2” and 
that they involve a subgroup of order 2"** generated by their operators of order 
"+1 When a is odd there are four such groups. The disaccord between 
this theorem and the corresponding theorem in the article to which we 
referred in the first paragraph of the present paper is due entirely to the 
failure to consider in the former the direct products as possible subgroups of 
index 2 under such a group, as was noted above. 
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STOCHASTIC PROCESSES AND STATISTICS 
By J. L. Doos* 


DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY 


Communicated May 5, 1934 


A stochastic process is defined by Khintchine! to be a one parameter 
set of chance variables: x(t), —o < t<o. It is supposed that if 4, 
...,t, is any finite set of values of t, and a; < x < b;,j7 = 1, ...,m any set 
of intervals, the probability that 


aj< x(t) <b, 7 = i. 5/0 ey WB, (1) 


is defined. If the probability that (1) is true is independent of transla- 
tions of the ¢-axis, the process is called stationary. 

Let 2 be any space in which a probability measure? is defined. Let 
{T,}, —«o< t<o, bea set of one to one transformations of Q into itself, 
such that 7;,4,, = 7,7, If w is an element of Q, the set of elements 
{Tw}, —o< ¢t<o is called a path curve. These path curves have been 
studied, and many results, such as the ergodic theorem, obtained. It was 
shown by Khintchine! that there is a formal analogy between this study 
and that of stochastic processes. It will be shown in this paper that the 
two theories are abstractly identical. 

An example of a stochastic process can be obtained as follows. Let 
0, T, be defined as in the preceding paragraph, and let y(w) be a measurable 
function on 2. A chance variable is, by definition, a measurable function 
on a space on which a probability measure is defined. We define x(t) as 
the function g(Tjw). The probability that (1) is true is then the measure 
of the set of elements w such that 


a; < ¢(T:,«) 4 b;, j = z. a0 og We (2) 


The following theorem shows that every stochastic process can be obtained 
in this way. If the stochastic process is stationary, the transformations 
{T. “} are measure preserving, and conversely. 

THEOREM 1. A stochastic process can always be considered as a set of 
measurable functionals ¢,(w), —@< t< ~ on the function space Q of functions 
x(t) = w defined for —~< t< ©, on which a probability measure is defined. 
If T is the transformation of Q taking x(t) into x(t + 7), ow) = ¢go(Tw). 

Let {x(¢)} be the chance variables of the given stochastic process. 
There corresponds to every value of ¢ a space Q, of elements w, on which a 
probability measure is defined, and x(t) is a measurable function, ¢,(w,), 
on 2, Transform Q, into the x-axis by the transformation S, which 
takes the set of points w, at which ¢,(w,) = a into the point x = a for each 
value of a. Then ¢,(w,) = x if x = Sw, and the probability measure on 
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Q, induces one on the x-axis. The chance variable x(¢) becomes the 
chance variable x*(¢t) = x. We can thus suppose that x(#) is a chance 
variable corresponding to a distribution on the x-axis, and that ¢,(w,) = 
g(x) = x(t), i.e., that ¢,(w,) is the function x—where measure is defined 
in a way depending on ¢. By hypothesis, probability is assigned to events 
determined by conditions of the form 


6, Sah) < by § @1,...5,%; 1’) 
J J J 


i.e., a probability measure is defined on the function space 2, the measure 
being determined by its values on sets determined by conditions of the 
form (1’).* The chance variable x(t) can be considered as the function 
defined on 2 which takes on the value x(f) at the element x(t) of 2. This 
functional is a measurable function on 2. The first part of the theorem 
is thus proved. The second part is obvious. 

Since x(t + r) = T,[x(#)], Theorem 1 shows that if the process is sta- 
tionary, and if simple continuity conditions are satisfied,4 the ergodic 
theorem of Birkhoff and similar theorems can be applied. For instance, 
by the ergodic theorem, if x(0) (considered as a function on Q) is integrable 
over 0 (i.e., if the expectation of the chance variable x(0) exists) there is a 
chance variable x such that 


See St 
lim = x(t)dt = x (3) 
T— © y 0 
with probability 1.° 

If we suppose that the chance variable x(t) of a stochastic process is 
independent of ¢ for m < ¢ < n + 1 for every integer m, the specialization of 
the above has important applications. The process then becomes es- 


sentially a sequence ..., X-1, Xo, Xi, ... of chance variables, or, as in 
Theorem 1, the stochastic process becomes a set of measurable functions 
defined on the space 2, of all sequences (..., x-1, Xo, %1, ...) on which a 
probability measure is defined.6 Here (3) becomes 
1 n 
lim - }) x; =x’ (3’) 
n—>o 1 j=1 


true with probability 1, if the process is stationary, which means here 
that the probability measure on 2, is to be invariant under the trans- 
formation T taking (..., x-1, Xo, %1, ...) into (..., Xo, %1, %2, ...), and if 
the expectation of x, exists. 

The special case in which the chance variables Xo, x.,, ... are inde- 
pendent and all have the same distributions is of importance. This 
process is stationary, so (3’) holds. It can be proved that in this case 
the transformation T is metrically transitive. This means that x is a 
constant*—in fact that x is the expectation of x1. Conversely the following 
theorem can be proved. 
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THEOREM 2. Let Xi, X2, ... be a sequence of independent chance variables 
with the same distributions. If there is a sequence of constants c, C, ... 
such that the probability that 


n 


1 
-> Xj — Cy 
N 


j=1 


lim sup <© (4) 


n—> © 








is greater than zero, then the expectation E of x; exists, and 


n 
lim : Lx=E (3”) 
n—>o 1 j=1 
with probability 1. 

This theorem depends on the fact that if x1, x: ... is a sequence of 
independent chance variables with the same distributions, a necessary 
and sufficient condition that their expectations exist is that the probability 
that lim sup | x,/n| < © is greater than 0. 


n—> @ 


This work can be considered as a generalization of the following fact. 
If f(x) is the probability density® of a chance variable x, II f(x;) is the 
j=i 


density for the distribution of the results of m independent trials. What 
has been done above can be interpreted as letting m become infinite, ob- 
taining a probability set-up which is suitable for any finite number of trials. 

Using the results described above, a rigorous proof can be obtained of 
the validity of the method of maximum likelihood of R. A. Fisher, which 
has supplanted the use of Bayes’ Theorem.” Let f(x, p) for each value of 
p in a neighborhood of a value pp) be a probability density. Let x be a 
chance variable whose distribution has density f(x, po). The problem is 
to estimate ) by means of samples of values of x. The method of Fisher 


n 
is to choose the value p,(x1, ..., x,) of which maximizes II f(x, p) for 
j=i 
fixed x1, ...,x,. Then it can be shown using the above results, that under 
suitable restrictions on the continuity of f(x, p) in Pp, Py(x1, ..., %_) ap- 
proaches » with probability 1, and that for large m the distribution of 
Pn(%1, ..-, X,) is nearly normal, with mean # and variance 1/no?, where 


a? = efi f(x, po) op tog rs ») | dx. 


1 Mathemat. Ann., 109, 604-615 (1934); this paper should be compared with a paper 
by the same author in these PRocEEpINGs, 19, 567-573 (1933). 

2 We shall mean by this that there is a non-negative completely additive set function, 
defined on a collection of sets of elements of the space (called measurable sets). If 
A, As, ... are measurable sets, we suppose that their complements and their sum are 
measurable. We suppose that the set of all elements in the space has measure 1. 
Measurable functions and Lebesgue integration can be defined in the usual way. 














VoL. 20, 1934 PHYSICS: R. C. TOLMAN 379 


3 This way of defining measure in function space was discussed by Kolmogoroff, 
Ergebnisse Mathematik, 2, No. 3, Grundbegriffe der Wahrscheinlichkeitsrechnung, § 4. 

‘It is sufficient that if E is any set in Q determined by conditions of the form (1’), 
and if E is transformed into E; by 7:, the measure of E+E; should be continuous in 
taté = 0. 

5 For a simple proof of the ergodic theorem, following the lines of the first proof, given 
by Birkhoff, cf. A. Khintchine, Mathemat. Ann., 107, 485-488 (1933). 

6 This situation was discussed by Khintchine, Zeit. Angewandte Mathemat. Mechanik, 
13, 101-103 (1933), who treated the particular case of chance variables taking on only 
the values 1 or 0. The general case was discussed by E. Hopf, Journal of Mathematics 
and Physics, M. I. T., 13, 51-102 (1934), who obtained (3’) but not Theorem 2. 

7 Kolmogoroff, loc. cit.,? p. 59, announced this result in the special case of independent 
chance variables, and announced also Theorem 2, under the assumption that the prob- 
ability is 1 that the upper limit in (4) is 0. 

8 Loc. cit.,5 p. 488. 

9 If f(x) is defined for —o < x < except possibly for a set of points of Lebesgue 
measure 0, is Lebesgue measurable, not negative, and integrable over — ~ <x < @, 


JS f(x)dx = 1, f(x) will be called a probability density. 


10 This method was discussed (unrigorously) by Fisher in the Phil. Trans. Roy. Soc. 
London, Series A, 222 (1921). The treatment of H. Hotelling, Trans. Amer. Math. 
Soc., 32, 847-859 (1930), holds only in certain special cases. 
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REMARKS ON THE POSSIBLE FAILURE OF ENERGY CON- 
SERVATION 


By RicHarp C, TOLMAN 
NoRMAN BRIDGE LABORATORY OF Puysics, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated April 17, 1934 


1. Possibility of Failure in the Case of Elementary Processes.—The 
possible failure of the principle of the conservation of energy, in the case of 
the continuous f-ray spectrum accompanying radioactive decompositions, 
and perhaps also in the case of processes occurring in the interior of stars, 
has several times been suggested by Bohr.' From a theoretical point of 
view such a failure might be due to a breakdown in the applicability of 
ordinary mechanical notions under circumstances where the electron would 
have to be regarded as localizable within regions small compared with its 
classical dimensions. 

In the case of the stars there is at present no definite observational evi- 
dence which would lead us to abandon the principle of the conservation of 
energy, beyond the removal of limitations on our attempts to explain the 
continued luminosity of those objects and to account, in general, for the 
existence of a supply of available energy in the universe. 
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In the case of the continuous f-ray spectrum, there are, however, two 
important observations which might make an abandonment of the principle 
of conservation seem attractive. In the first place, the 6-rays, emitted in 
natural radioactive processes when the atomic number increases by one, 
are found to exhibit a continuous spectrum of velocities with an observed 
spread in kinetic energy which may amount to some million electron- 
volts.2, In the second place, the total calorimetrically measured energy 
made available by such processes appears to agree with the average energy 
calculated from the spectrum,’ so that it is not possible to assume that all 
the electrons are really emitted with the same energy and then lose vary- 
ing amounts through collision before the determination of their velocities. 
These observations indicate that different atoms of the parent element can 
decompose to give atoms of the next element in the radioactive series by 
the emission of electrons having widely different energies. 

To retain the principle of the conservation of energy in the light of these 
findings, we might of course assume that different atoms of a given chemical 
isotope have nuclei which are not really exactly alike, so that different 
amounts of energy actually are available. In opposition to such an 
assumption, nevertheless, we have such facts as the sharpness of y-ray 
levels, and the constancy in rate of decay both for a- and §-particle dis- 
integrations which give some evidence for the identical nature of all the 
nuclei of a given isotope. 

To retain the principle of conservation, we might also assume as an 
alternative explanation that the emission of electrons is not the sole process 
accompanying a $-ray decomposition, but in addition that some very 
penetrating radiation is simultaneously emitted which carries off the 
balance of energy left by the electrons, and then escapes through the walls 
of the container without being calorimetrically detected. For this purpose 
neutrons of very small mass have been postulated. At present, neverthe- 
less, there are no additional facts to support such an hypothesis. 

These observational facts as to natural §-ray disintegrations hence make 
the possibility of failures in energy conservation worthy of consideration. 
Furthermore, the recent discovery of artificially produced radioactive sub- 
stances® has been found to provide cases in which positive electrons are 
emitted also with a continuous range of energies, as shown particularly by 
the work of Lauritsen and Crane’ and Neddermeyer and Anderson.’ 
Moreover, since the previous history of the artificially produced radio- 
active substances is experimentally controllable, these may prove superior 
to natural radioactive substances for further empirical tests of the failure or 
validity of the principle of conservation. . 

2. Possibility of Failure from a Statistical Point of View.—The foregoing 
familiar remarks as to the continuous §-ray spectrum have indicated the 
possibility that similar atoms of a given parent substance might decompose 
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into the same end products but with the liberation of varying amounts of 
energy. This result would violate the principle of the conservation of 
energy for individual elementary processes. It would not, however, 
necessarily violate the conservation of energy from a statistical point of 
view, since the average energy liberated in the decomposition of many such 
atoms might still be equal to the difference between the intrinsic energies of 
the initial and final substances, as measured for example by their difference 
in mass. 

Nevertheless, as pointed out to me by Professor Bohr in conversation, 
the ejection of electrons having a definite wide range of energies from 
nuclei all of which are alike would also involve a statistical failure in energy 
conservation, if we make the additional assumption of a finite probability 
for electrons of different energies to reénter the nucleus and rebuild the 
parent substance. Under these circumstances we could then obtain an 
actual net increase in energy by allowing a decomposition to take place and 
then rebuilding the original nuclei using electrons having lower energies 
than the average of those that were spontaneously emitted. 

As a specific example of this possibility, which might even present some 
interest for stellar theory, let us consider a system consisting of an enclosed 
gas containing atoms and electrons which can enter into the reversible 
nuclear reaction 

Nae Nt + 8, (1) 
and let us allow the system to come to a steady state such that the number 
of nuclei NV which break down in unit time to give nuclei N* and emitted 
electrons E~ is balanced by the reverse reaction, and such that any accom- 
panying net production or disappearance of energy is balanced by the 
existing rate of interchange with the surroundings. 

Assuming conditions such that the distribution of kinetic energy among 
the free electrons in the system corresponds closely to the Maxwell distribu- 
tion at the temperature T of the gas, we can then write as an approximate 
expression for the rate of change in the concentration of nuclei NV 


— SP = bi) — OWNED Capra fered = 0, ©) 


where ven (N*) and (£-) are oh concentrations of the particles indicated, 
k, is the constant for the unimolecular rate of decomposition of the nuclei NV, 
and ¢(e) is the chance per unit time and per unit volume for an electron of 
kinetic energy ¢ to collide with a nucleus N* and rebuild the parent sub- 
stance. This rate has been equated to zero in agreement with the steady 
state chosen for consideration. 

Furthermore, for the net rate of i production we can evidently write 


dU —¢/k 2 
TO = bME = NED pep [oe ME, @) 
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where é is the constant average energy of the ejected electrons. In agree- 
ment with our choice of a steady state for discussion, this will be the rate of 
energy transfer from the system to its surroundings. 

In the absence of knowledge as to the functional form of ¢(e), we cannot 
definitely evaluate this rate of energy production and exchange with the 
surroundings. Nevertheless, by combining (2) and (3) we see that the 
condition for zero rate of energy production would be 


ef oloeTelde = f b(ele~ /*de, (4) 
0 0 


and with € a constant independent of T this could be true only under 
special circumstances. With ¢(e) arbitrary the equality could be satisfied 
at some one particular temperature, but to secure zero rate of energy 
production under all circumstances it is evident that ¢(e) would have to be 
zero for all value of ¢ except for the value €. This possibility of still rescu- 
ing the principle of the conservation of energy from a statistical point of 
view, by assuming that nuclei have a finite probability of forming only 
when the total energy available is equal to the average energy which will 
again be made available by their later decomposition, is an important one 
to consider and to keep in mind in experiments on artificially produced 
radioactive substances. Nevertheless, prior to empirical test, the assump- 
tion appears artificial. 

3. Conclusion.—In conclusion three points may be mentioned in con- 
nection with the foregoing discussion. 

In the first place, it is of course evident that the failure or validity of our 
older ideas as to the conservation of energy is a matter for experimental 
test. This note deals with conceptual possibilities and no opinion is 
intended as to the ultimate empirical decision. 

In the second place, even if the experimental outcome should indicate 
that energy in its familiar forms can be created and destroyed by such 
processes as discussed above, it should be noted that the principle of con- 
servation might perhaps still be preserved by the device of adding to the 
expression for energy a new term purposely so chosen as to maintain con- 
servation. Nevertheless, such a rescue of the principle ot energy conserva- 
tion might be purely formal and of little real convenience.* The experience 
of general relativity in this connection is instructive, where the conserva- 
tion of energy and momentum can be preserved in all coérdinates by 
Einstein’s introduction of the pseudo-tensor density of potential energy and 
momentum t},, whose components nevertheless are dependent on the 
actual distribution of matter and radiation in such a complicated way that 
we do not often make use of this possibility. 

As a final remark, it is evident that the creation and destruction of 
energy in its ordinary forms by microscopic processes such as those dis- 
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cussed above would also involve modifications in the equations of macro- 
scopic relativistic mechanics, since these would allow no creation or de- 
struction of energy from the point of view of a local observer. These 
modifications might prove of interest for the problems of relativistic cos- 
mology. The possible nature of the changes which could be introduced 
will be discussed in a following note. 

1 Bohr, Jour. Chem. Soc., 349 (1932); also Atomic Stability and Conservation Laws, 
Reale Accademia d’Italia, Rome (1932). 

2 See the collection of data given by Rutherford, Chadwick and Ellis, Radiations from 
Radioactive Substances, Cambridge (1930). 

3 Ellis and Wooster, Proc. Roy. Soc., A117, 109 (1927); Meitner and Orthmann, 
Zeit. Phys., 60, 143 (1980). 

‘ Pauli, Paper before the Am. Phys. Soc., Pasadena, June 16, 1931; Fermi, La Ricerca 
Sctentifica, Anno IV, 2, No. 12 (1933); Zeit. Phys., 88, 161(1934). 

5 Curie and Joliot, Compt. Rend., 198, 254 (1934). 

6 Lauritsen and Crane, Phys. Rev., 45, 497 (1934). 

7 Neddermeyer and Anderson, Ibid., 45, 498 (19384). 

8 See the discussion of Poincaré, Science and Hypothesis, London (1905). 


THE DIRAC EQUATION IN PROJECTIVE RELATIVITY 


By A. H. Taus, O. VEBLEN AND J. VON NEUMANN 
PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED STUDY 


Communicated May 9, 1934 


1. In this note we discuss the extension of the Dirac equation to general 
relativity. In order to have equations which are automatically invariant 
with respect to gauge as well as codérdinate and spin transformations, we 
use the method of projective relativity. This theory is physically equiva- 
lent to the original general relativity theory of an Einstein gravitational 
and a Maxwell electromagnetic field. 

We are led to a class of equations of the Dirac type. One of these 
reduces exactly to the Dirac equation of a charged particle in special 
relativity. This equation is identical with the one given by Schrédinger' 
and therefore equivalent to the one given by Fock.? The others contain 
extra terms which correspond to physical situations in which the field of 
a dipole is superposed on the field of the charge. Such extra terms, with 
the charge 0, have been proposed by Pauli in order to explain the properties 
of the neutron.* The class thus contains equations first proposed by 
Schouten and Van Dantzig,‘ in which an extra term appeared. One of 
these equations coincides with an equation proposed by Pauli,’ and may 
be considered as the simplest one in the projective notation, while the one 
without the extra term is simpler in the affine notation (equation (3.3)). 
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In the following discussions the weight '/, is assigned to spinors, which 
are to be interpreted as Dirac wave functions in order that expressions 
of the type, 


Jt = yaw y™, J? = stv” 


which may represent the current vector and other invariants of the Dirac 
theory, shall behave as absolute projective vectors and tensors. We are 
using the notations of previous notes on spinors in these PROCEEDINGS.® 

The most general equation satisfying the conditions of linearity and 
invariance is 


L*),. + NY = 0 (1.1) 


where the comma refers to projective differentiation, and L* and N are 
arbitrary spinors. The projective differentiation is with respect to the 
projective connection whose components Ig, are the Christoffel symbols 
of the second kind formed from the fundamental projective tensor’ yag¢. 
Since any other projective connection associated with y,g would differ from 
this one by a projective tensor, we do not lose any generality by this 
restriction. The additional terms which would arise from using another 
projective connection are accounted for by the arbitrary matrix JN. 


Since the coefficients of the only terms involving as are L’, these four 


matrices must reduce to the Dirac matrices in the special relativity case. 
This is accomplished by identifying them with matrices y’ which satisfy 


Voyiy’ + yi’) = Yagil (1.2) 
where g” = + are the contravariant components of the fundamental 
metric tensor.’ In order that yg shall be the fundamental projective 


tensor of P. R. we choose the matrices y“ and y according to the footnote? 
below rather than according to S. P. R. Equation (1.1) becomes 


vb + LYo + Ny = 0. (1.3) 
Using the arbitrariness of NV, this may be written as 
YV,a = yoy (1.4) 


where M is a spinor which we will determine by requiring that equation 
(1.4) reduce exactly to the usual Dirac equation in the special relativity 
case. 

2. In view of the formula for the projective derivative of a spinor (1.4) 
is equivalent to 





o 
"(ste + Ket) = elt (2.1) 
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where (P. D. S., p. 88, equation (4.4)) 


oy" OYEB 
Ka = Ter + 5,0 + na and "Ba = v"4 aye (2:2) 


From P. R., page 44, we have 
Im = “vi, Th = 0 
Te Be {ji} sg iP + Phe; (2.3) 


i 09; O¢e 
Te = —oTj + (Sot 7) 





where {,,} are the Christoffel symbols of the second kind formed from 


1 / O¢a fe) 
the gi; and Pap = ( £ Mi ) 








2\ dx ~ dx* 
Substituting (2.3) in (2.2) we obtain 
Ko = gis” (2.4) 


where s® = !/.(y%y* — 77%) 


VK; = —2yKo + v'¢Ko + 71'S; (2.5) 
where 


1 oY 
) + 9 ni + Yo ay (2.6) 








dyF 
S; = (re - evra) ( th + 7 


Equation (2.1) becomes 
; {ow ww 
Va + Sw — Lew ) + wl — Ko) = yoMy (2.7) 
where J is the index of y and we have made use of the relation 


Yo = Yar” = ¥° + gir’. (2.8) 


The spinor M may be expanded in terms of our basis of spinor matrices 
thus: 


M = al + agy* + Gags (2.9) 


where a is a projective scalar, a, a projective vector and dg an anti- 
symmetric projective tensor. 

The quantities a, a,, @,, must be built up out of the physical quantities 
which belong to the theory, taking account of the prescribed transforma- 
tion properties. 

3. In the special relativity case a coérdinate system and spin-frame 
may be found® in which { ie} = 0, n; = 0, and y and y’' are constant 
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matrices; hence in this coérdinate and spin-frame S; = 0. The Dirac 
equation in this codrdinate system and spin-frame is 


(OV 2wie /2 me 
(ge iy? on) - Tv =o. sity 
Hence it is clear that (2.7), in which J, a, a, and @,¢ are arbitrary, repre- 
sents a class of equations of the Dirac type. If we choose 
Gag = boag, @ = I, and a, = 4g, (3.2) 


equation (2.7) becomes 





7 (> + Sp - Tew) = wh + vo(b + 1) gy" (3.3) 


Ox" 
which reduces to the Dirac equation of special relativity if 
2n,e .|2 7Tmc 
= EO on - => — b => —1 . 
I ee 7; ? and ; (3.4) 


Equation (3.3) agrees with the general relativity form of the Dirac 
equation given by Schrédinger,' in all spin-frames in which 74, and yf are 
constants. Our S; is the traceless part of Schrédinger’s IT’. 

If b # —1 we obtain an equation with the additional term yoKo = 
yov;jS” multiplied by 6 + 1, which may be interpreted physically as the 
interaction of the electron with the field of a dipole. Such a term has 
been suggested by Pauli® as a possible explanation of the neutron. It 
also appears in the equation given by Pauli® as the general relativity 
generalization of the Dirac equation. However, in this work it is multi- 
plied by a factor containing ./x, the Einstein gravitational constant which 
makes it negligible. To obtain Pauli’s result we set b = 0. 

4. The affine form of the Dirac equation of general relativity is (3.3) 
with the choice of constants given in (3.4). The same equation in projec- 
tive notation is 


Via = Yl + 4upa7® — Yaps™)¥. (4.1) 
This may be written as 
(Vs a — Paso) + 2y0Ko = my. (4.2) 
The equation corresponding to b = 0 is 
11a — Pa¥s0) = wy. (4.3) 


This is a very natural one since it is a relation among the terms of the 
left side of the equation of spin displacement, 


Via BP Pa¥s0 = 0 (4.4) 
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which corresponds to the projective displacement 
Xsan — Par) = 0 (4.5) 


which is used to define the path of a charged particle in projective relativity 
(P. R., p. 46). 


1 E. Schrédinger, ‘‘Diracsches Electron im Schwerefeld 1,’’ Berl Ber., 11, 105 (1932). 

2V. Fock, Zeit. Phys., 57, 261 (1929). 

3 Cf. J. F. Carlson and J. R. Oppenheimer, Phys. Rev., 41, 763, 778 (1932). 

4 Schouten and Van Dantzig, Ann. Math., 34, 304 (1933). 

5 W. Pauli, “Die Diracschen Gleichungen fiir die Materiewellen,’’ Ann. Phys., 18, 
337 (1933). 

6 We use capital letters, A, B, C (= 1, 2, 3, 4) for spin indices, small Roman letters 
1, j, k (= 1, 2, 3, 4) for affine tensor indices and small Greek letters, a, 8, y ... (= 0, 
1, 2, 3, 4) for projective tensor indices. Formulas and results of the following previous 
papers in these PROCEEDINGS are used: O. Veblen, ‘‘Spinors in Projective Relativity,” 
19, 979-989 (1933) (referred to as S. P. R.); O. Veblen and A. H. Taub, ‘‘Projective 
Differentiation of Spinors,’’ 20, 85-92 (1934) (referred to as P. D. S.); J. W. Givens, 
“Projective Differentiation of Spinors,” 20, 232 (1934). 

7 For a development of projective relativity see: O. Veblen and B. Hoffman, ‘‘Pro- 
jective Relativity,” Phys. Rev., 36, 810-822 (1930); O. Veblen, Projektive Relativi- 
tétstheorie, Berlin (1933) (referred to as P. R.). 

The fundamental projective tensor of the projective relativity is related to the Ein- 
stein gravitational tensor gi; and the electromagnetic projective vector ga, by the 
equations 


Vii = Bi + Givi; Yoa = Yas Go = 1 (1) 
of which g;; = y;; is a consequence. The field equations of projective relativity in 
affine form are (P. R., p. 52) 


of = 0, Ri —5 giR = -25% (2) 
where the semicolon refers to covariant differentiation with respect to gi;, and 
1/%&; 2%, a Pree Tt 
vi = 5 (54 oer) and SY = gYig: + 7 8" vies (3) 


The first set of field equations are the Maxwell equations for free space. They and the 
remaining field equations agree with those of the general relativity if we set 


gi = NE Xi (4) 


where x is the Einstein gravitational constant and x;, the electromagnetic four-potential. 

The signature of yag must be (++++-—) or (+——-—-+) in order to give the right 
signature for gi;. As Prof. Robertson has pointed out in a lecture which elucidated this 
whole question, equations (2) are such that changing the sign of the gi;’s would require 
changing the sign of x, and the signature (++-+-+-—) for vag is the one for which 
k is positive. 

In P. R. the projective tensor satisfies the invariant condition yo = 1. This implies 
that the non-holonomic transformation of period two 


dx® = dx® + gidx', dx? = —dx' (5) 


will carry it into a form in which 
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Vii = Bit, Yio = 0, Yoo = 1. 
The choice of signature (++-+-+ —) described in the above paragraph then implies 
that for any particular point of space-time the codérdinates may be chosen so that gi;= 0 
for 7 ~ j and gun = gx = gs = —gu = 1. 

On the other hand in S. P. R. the matrices yg were determined in a fixed spin-frame 
for a projective tensor yag which for the above determination of gauge and coérdinates 
is such that yeg = 0 if a ~ Band yo = yu = ye = ¥3 = —yua = —1l. A set of 
matrices y* which in the given coérdinate gauge and spin-frame give the proper signa- 
ture for yag (i.e., the signature used in P. R.) are: 


ee a ee 
PS te ee ee 1, 0 0 6-4 
Lite oe ae a a Lites a ae: er ae 
0 1 89 6 “Se Oe of 
6 6.04 “ee ae ee 
a oe ee Pare oe ee 
petite: So ee aoe oe eT ee eg ake 
“i oe 4 a 
eo ee 
tae 8 
<a ee ae ae 
0-2 A 


The spin-frame is determined as that in which y,4, and v3 have the form 


“ee ee o-41 @.2 
a a a . 6.88 

oe ae and : s. 8 42° 

“a Se -4: 


respectively. 
This choice of fundamental matrices changes formula (4.9) of S. P. R. into 
a 
Yas = —YBA- 

8 In the special relativity case there exists a coérdinate system x in which gi; = 0 
if * jand gu = gx = gs = —gu = 1. To such a codrdinate system we apply the 
non-holonomic transformation (5) and obtain a coérdinate system N in which the yog = 
0 if a ~ Band yo = yu = Ya = Ys = —yu4 = 1. Then in the codrdinate system N 
the matrices y* can be made to have the form given above by a suitable spin trans- 
formation. We call these constants y*. On transforming back to the codrdinate 


system x we obtain 


y= —-7', vo = 70 and ve = geyo — Ye. (6) 


Hence with this choice of spin-frame in the special relativity y' and yo are constants. 
Also in the non-holonomic system yz is a constant, and since it is invariant under co- 
ordinate transformation it is constant in x; hence nx = 0 in x. 
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THE POTENTIALITIES OF EXTREME OLD AGE 


By Francis G. BENEDICT AND Howarp F. Root 


NUTRITION LABORATORY OF THE CARNEGIE INSTITUTION OF WASHINGTON, BOSTON, 
MASSACHUSETTS, AND THE NEW ENGLAND DEACONESS HospiTAL, Boston, 
MASSACHUSETTS 


Read before the Academy, Tuesday, April 24, 1934 


Our hospital records and the doctor’s case files are bursting with in- 
formation regarding the frailties and disintegration of old age, but only the 
life insurance records contain any great amount of reliable information re- 
garding the normal conditions in extreme old age. Hygienic betterments, 
improved feeding, nursing and housing have prolonged life, chiefly by 
preventing the death of children and young adults, but any real accumula- 
tion of data contributing to our knowledge of the influences favoring ex- 
treme old age is sadly lacking. According to Oliver Wendell Holmes, 
Senior, one should be careful in selecting one’s parents. Undoubtedly a 
good family history of longevity is the one sound factor known to be a 
reasonable guarantee of long life. Refraining from excess in eating, in 
drinking, and in other habits of life also aids in the avoidance of many life- 
terminating factors. Still, many people of exemplary habits and with a 
good family history do not live the allotted three score years and ten, few 
reach four score years, and still fewer reach four score and ten. Such for- 
tunate people reaching this goal in good condition afford an important field 
of observation, and a study of the factors underlying their successful re- 
sistance to the vicissitudes of life must ultimately throw light on the ration- 
ale of long living. A nonagenarian is usually well spent in his physical and 
mental condition. He has, to be sure, weathered life’s gales and is safe 
in port, but (to continue the metaphor further) he is as a rule tied up to 
some well-sheltered dock where life ebbs away slowly, with no cataclysmic 
transport. Occasionally ninety years is attained with a fullness of mental 
and physical activity that bespeaks an economic usefulness in life by no 
means at anend. Indeed, the nonagenarian has demonstrated in a num- 
ber of striking cases that such length of life with relatively complete mental 
and bodily powers is a goal that may well be striven for. In the past few 
have reached it, but in the future more individuals should succeed. 

For some time we have been personally acquainted with an elderly gentle- 
man, Mr. Seth W. Lincoln of Worcester, Massachusetts, who by his unusu- 
ally excellent physical and mental condition has challenged the attention 
of all who have known him. With a fine spirit of coéperation, Mr. Lincoln 
subjected himself to a study at the Nutrition Laboratory in Boston last 
fall. He is a man of alert manner and upright carriage, without the 
stoop of extreme old age, and carries his 91 years well. His movements 
are active, free and quick. His voice is strong, both speaking and singing. 
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The laryngologist, Dr. C. H. Ernlund, who examined his throat pronounced 
it an extraordinary throat for such an age, without any signs of atrophy 
of the vocal chords or the superficial membranes of the larynx. 

The eyes have had their vicissitudes. A cataract was removed from 
the right eye at the age of eighty-five, with excellent results. The left eye 
is considerably obscured, with relatively little vision. Still, the right eye 
has good visual acuity, with a good angle, and Mr. Lincoln can traverse 
the business streets of Boston alone, without a cane. 

He is spare but presents no obvious abnormalities in external bodily 
configuration. The usual clinical examination showed that the heart action 
was regular, the electrocardiograms were normal, the blood pressure (sys- 
tolic) was 154 mm., the respiration rate was somewhat irregular, but there 
was no dypsnoea. His hearing is good, and he still has 17 teeth. Labora- 
tory tests gave the following results: hemoglobin, 70 per cent; capillary 
red blood count, 4,950,000; white blood count, 13,700. The urine was 
normal as shown both by microscopical and chemical tests. The output 
of nitrogen was low, about 7 grams daily. Mr. Lincoln eats a rational diet, 
not at all one-sided or dominated by any of the ‘‘food fads.” He has always 
abstained from the use of alcohol and tobacco, eats sparingly of eggs and 
liberally of fruit. 

The family history reveals a number of long-lived progenitors, although 
none reached his age. His grandparents lived well into the seventies and 
eighties. His mother lived to be eighty-five, but his father died at the age 
of twenty-eight from pneumonia resulting from exposure at sea. He is one 
of a family of ten children, of whom four died before or at the age of 25 
years, four died between the ages of 66 and 76 years, and two (a brother 
and Mr. Lincoln) are still living at the ages of 83 and 91 years, respectively. 
In general longevity predominated in the family history, except for deaths 
from acute infections early in life. No deaths are recorded from cardiac, 
renal or arteriosclerotic diseases under the age of seventy-five years. 

Mr. Lincoln is an omnivorous reader, and maintains his intellectual activi- 
ties by a moderate amount of work for a publishing house with which he 
has long been connected. Practically all his life has been devoted to the 
publishing business, chiefly in the printing department, and years of stand- 
ing at a type case with the consequent confinement have not seemingly af- 
fected his general health. The feet are in excellent condition, with good 
circulation in the arteries of the feet. The mouth temperatures taken on 
several days were always well within normal limits. 

The condition of the cardio-renal-vascular system is surprisingly youth- 
ful. Roentgenograms disclosed no calcification in the aorta or arteries 
of the legs. The heart is of normal size. The kidney function is normal. 
The small arteries of the retina show only the slightest thickening of their 
walls. 
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The chemical examination of the blood likewise showed a normal, non- 
protein nitrogen, sugar, cholesterol and alkaline reserve. The blood cells 
appeared normal in number, size and staining reactions. 

An extraordinary balance of the endocrine glands is indicated by the 
normal texture of the skin and hair, the absence of dryness and thickening 
of the skin. Libido normal for a man in youth is preserved. The pubic 
hair and the general distribution of hair are normal. The pancreatic 
function is normal. 

No one measure of the level of vital activity, considering the body as a 
whole, equals that of the total metabolism. Hence on a number of days 
Mr. Lincoln’s oxygen consumption (see table 1) and respiratory quotient 


TABLE I 
SETH W. LINCOLN 
91 years, 58 Kc., 172 cm, 


PER MINUTE 


HEART RATE RESPIRATION RATE OXYGEN CONSUMPTION, 
67 9 147 
64 9 151 
69 10 150 
68 12 165 
Avg. 67 10 153 


were determined, and from these the heat production was calculated. The 
measurements showed great uniformity. On the average, this man’s basal 
oxygen consumption, that is, while lying quietly before breakfast, was 153 
ce. per minute. This corresponds to a total 24-hour heat production of 
1063 calories or, expressed per unit of weight, 18.3 calories per kilogram per 
24 hours. The 24-hour heat production per square meter of body surface 
was extraordinarily low, 629 calories, indeed lower than that of any other 
man we have ever measured. One might at first think that this low 
metabolism indicated extreme muscular weakness, if not senile debility. 
This inference is entirely contrary to the physical and nervous makeup of 
the individual, who impresses everyone by his unusual vitality, erectness of 
posture, quickness of movement and strength of voice. Another inter- 
pretation is that this man’s body machine is working with extraordinary 
efficiency and that when it is not performing muscular work, it resembles 
the automobile engine while idling, that is, it is idling with an extremely 
low consumption of power. 

Unfortunately too few nonagenarians have been measured for comparison 
with Mr. Lincoln. There are, however, two striking illustrations. We 
have fortunately, thanks to Dr. W. H. Stoner, a few observations made 
some months before his final illness on Dr. W. W. Keen of Philadelphia, a 
man of essentially the same weight as Mr. Lincoln but shorter and therefore 
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with a relatively larger proportion of adipose tissue. Extremely accurate 
observations were also made on several days by Dr. C. G. L. Wolf of 
Addenbrooke’s Hospital, Cambridge, England, on the well-known alienist 


TABLE 2 
NONAGENARIANS 
DEVIATION FROM HARRIS- 
OXYGEN PER MIN. BENEDICT STANDARD 
>. CF. 
Seth W. Lincoln 153 — 4.5 
Sir James Crichton-Browne 192 +17.6 
Dr. W. W. Keen 193 +26.2 


Sir James Crichton-Browne, at the age of 89 years. At that time the 
weight and height of Sir James were nearly identical with those of Mr. 
Lincoln. With both these elderly gentlemen (see table 2) the oxygen con- 
sumption was 193 cc. per minute, as compared with Mr. Lincoln’s rate 
of 153 cc. Those who knew Dr. Keen and who know Sir James personally 
would instantly classify them as men of dynamic personalities, living with 
challenging intensity expressed in almost incessant muscular movements 
measurably quicker and more forceful than those of Mr. Lincoln, although 
Mr. Lincoln’s physical activity is of itself most extraordinary. One might 
say that Sir James and Dr. Keen were continually burning their fires under 
forced draft, whereas in Mr. Lincoln’s case the fire is well banked to burn 
more slowly and economically. 

However, instead of wasting time in speculating as to the reason for the 
difference in heat production of these gentlemen, one can simply point out 
that it is this type of investigation that will lead us in the near future, we 
hope, to a far better understanding of the secrets of the mechanics of long 
life. Here are three men, each in his way in unusually fine physical and 
mental condition, who have reached four score years and ten, and, far 
from being burdens to their families or to society as a whole, are most use- 
ful and active members of society. 

One outstanding feature in Mr. Lincoln’s personal history is that he has 
never suffered any great sorrows. Moreover, although a man who has had 
to earn his living, he has never experienced any tremendous financial stress. 
He has a most optimistic outlook upon life, spreads cheer and happiness 
wherever he goes and is deeply religious. His fifty-nine years of married 
life have been romantic. Perhaps his character can be no better described 
than by saying he is a man who does not worry. This cheerful, optimistic 
outlook on life, with the philosophy of accepting calmly the ups and downs 
that must necessarily enter into a life of ninety-one years, undoubtedly 
has relieved him of much of the excess tension and nerve-wracking, wearing 
strain that comes all through life to so many of our intense American busi- 


ness men. 
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It is impossible from observations on this man or any other few indi- 
viduals to lay down any definite rules for longevity, but we are certainly 
justified in concluding from the study of this case that, in the first place, a 
good family history is a great asset, secondly, that temperate habits of 
life are important, and third, that if one is so fortunate as to be able to 
adjust one’s life with others and with one’s environment in such a way as 
to avoid worry, this undoubtedly plays a réle. The physician can aid in 
advice with regard to habits of life, eating, drinking and other matters of 
hygiene, but the psychologist has here a great field in training for mental 
poise. The psychologist must help to show people how to cultivate an 
unharassed mind and teach them not to worry. In the attainment of 
longer life the aid of the psychologist may be as important as that of the 
physician, for old age is a mental as well as a physical phenomenon. 


(The details of this research with subsequently collected observations will shortly be 
published elsewhere. ) 


STUDIES ON THE GROWTH HORMONE OF PLANTS. V. THE 
RELATION OF CELL ELONGATION TO CELL WALL FORMATION 


By JAMES BONNER 


Witiram G. KERCKHOFF LABORATORIES OF THE BIOLOGICAL SCIENCES, CALIFORNIA 
INSTITUTE OF TECHNOLOGY, PASADENA, CALIFORNIA 


Communicated May 10, 1934 


Introduction.—Since the time of Nageli!, increase in surface area of the 
plant cell wall has been frequently attributed to an active intussuscep- 
tion of particles of new material between particles already deposited in the 
cell wall framework. Intussusception formed, for example, an integral part 
of the theory proposed by Sachs? for the mechanism of growth. Never- 
theless, it is undeniable that increase in cell wall material is frequently by 
apposition of layers of new material upon the surface of layers already laid 
down. Thus, even the walls of young, actively elongating cells often ex- 
hibit a distinctly lamellar structure. In cases of pure apposition, at least, 
increase in area must be due to processes other than active growth of the 
wall itself. The work of many investigators, reviewed by Heyn,? has indi- 
cated that increase in wall area is then by plastic stretching due to the out- 
wardly directed pressure of the cell contents. 

Between the supporters of growth by intussusception and those of growth 
by some form of stretching there has been conflict for some time although 
Pfeffer* and Strassburger® attempted to settle the question by showing that 
it is probable that both forms are to be found. It still seems necessary to 
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establish the relation of wall formation to increase in wall area for each case 
of cell elongation which is studied. The present paper is intended to make 
clear this relation in the Avena coleoptile which, in recent years, has been 
so extensively studied with respect to its growth and tropisms. 

Growth of the Avena coleoptile is by cell elongation unaccompanied by 
cell division. Cell elongation is, moreover, able to take place only in the 
presence of a special ‘‘growth substance’ normally produced by the tip of 
the growing coleoptile. For detailed discussions of this growth substance 
and its relation to the plant reference may be made to Went‘ and to Thi- 
mann and Bonner.’ 

In the paper last referred to it was shown that one growth substance 
molecule in the coleoptile brings about an amount of elongation accompa- 
nied, at 27°C., by the deposition as cellulose of about 3 X 105 molecules of 
glucose. At 15°C. less than one-half of this amount of cellulose is formed 
during the action of one growth substance molecule. It is clear then, that 
the growth substance, present in such minute amounts, cannot be an impor- 
tant structural component of the cell wall. Moreover, since the action of 
one growth substance molecule may be accompanied by the formation of 
variable amounts of cell wall depending upon the external conditions, it 
would seem probable that growth substance is not itself directly concerned 
with wall formation. It will now be shown by direct measurements of wall 
formation under various conditions, that growth substance is not involved 
in this process. 

Methods.—Sections cut from coleoptiles and placed in growth substance 
solutions elongate considerably. Similar sections placed in water alone 
elongate much less. The several conditions governing this elongation have 
been described in a previous paper (Bonner®). Such sections since they 
have no external source of nutriment, must, if they form cell walls, accomp- 
lish it by a transformation of materials already within the cells. Except 
for the material lost by respiration, their total dry weight must remain con- 
stant, and it is necessary to determine only that portion of the total which 
may be considered as cell wall. For this purpose essentially the same 
method was used as in a previous paper (Thimann and Bonner’), that is 
the method developed by Hansteen-Cranner® for the separation of cell 
contents from cell wall. The procedure was as follows: sections in 
most cases 3.7 mm long were cut with a two bladed cutter from coleoptiles 
approximately 5 mm below the apex. Ten such sections were placed in 
growth substance of the optimal concentration (Bonner*®) and ten sections 
in water alone. After the desired time of growth substance action the 
elongation of the sections was measured under a microscope with an eye- 
piece micrometer. The sections were then placed in previously weighed 
and dried micro-Gooch crucibles. In the bottom of each crucible had been 
placed a small mat of acid washed asbestos, the mat washed firmly into 
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place and the whole dried to constant weight at 95°C. The sections, once 
in the crucible, were thoroughly ground against the wall of the vessel. 
They were then washed successively with 30 to 50 portions of cold water 
and an equal amount of boiling water. During the first few washings large 
amounts of colloidal material, presumably cytoplasm and cell sap were 
removed. The later washings were clear, and the residue was, then, ac- 
cording to Hansteen-Cranner and to the analytical results of the earlier 
paper (Thimann and Bonner’), to be considered as cell wall. In order to 
determine the small amounts of material which were used, the weighings 
were performed upon a Kuhlmann microbalance capable of estimating 
0.001 mg. 

Experimental Results—A few series of duplicate determinations were 
first made in order to establish the accuracy of the method. In table 1 
it may be seen that the agreement between duplicate determinations was 
in all cases quite satisfactory. In subsequent tables, then, only the means 


TABLE 1 


DUPLICATE DETERMINATIONS OF CELL WALLS 


CRUCIBLE/EXPT. 1 2 3 4 
WEIGHT OF CELL WALLS PER 10 SECTIONS, MGS. 
ie 0.75 0.73 0.75 0.69 
2. 0.77 0.75 0.71 0.70 
3. 0.73 0.73 0.74 0.69 
4. 0.71 
5. 0.69 


of the duplicate or triplicate estimations which were made in each case 
will be given. 

If elongation is due to intussusception of new material in the cell wall, 
one would expect the amount of cell wall per section to increase, under all 
conditions, in approximately the same ratio as the length. Table 2 shows 
that at 25°C. and in the absence of external supply of nutriment this is in 
fact the case. In the mean the ratio of the wall weights of the two sets of 


TABLE 2 
INCREASE IN CELL WALL WEIGHT DURING ELONGATION OF SECTIONS AT 25°C. 


(Growth Substance Action for 6 Hours) 





LN. IN LN. IN % % WT. IN LN. ING.S. WT. ING.S. 
G.s. WATER GROWTHIN GROWTHIN GS. WT. IN 
EXPT. (ARBITRARY UNITS) G.s. WATER (mGs.) WATER LN. IN wT. IN 
WATER WATER 
: 4.19 3.80 13.2 2.6 0.714 0.609 1.13 1:17 
2. 4.41 3.75 19.2 : 0.766 0.650 1.18 1.18 
3. 4.50 4.01 21.6 8.3 0.865 0.766 eR 1.13 
4, 4.39 3.87 18.7 4.6 0.829 0.700 1.14 1.18 
5. 4.56 3.88 23.3 4.9 0.847 0.758 I Be Ff 1.12 
Mean ratios 1.15 1.16 





396 PHYSIOLOGY: J. BONNER Proc. N. A. S. 


sections having different amounts of elongation is almost exactly equal to 
the ratio of their lengths. In experiments which will be published in an- 
other connection, it has been found that over most of the growth period 
of the coleoptile (at 25°C.) the total dry weight closely parallels coleoptile 
length. The fact that at 25°C. these processes fit in well with one another 
is reflected in the fact that this temperature is approximately optimal for 
the coleoptile. 

Elongation is not of necessity, however, paralleled by formation of cell 
wall. Coleoptile sections were allowed to extend at 2°C. It was found, 
as shown in table 3, that considerable elongation takes place at this 

TABLE 3 
INCREASE IN CELL WALL WEIGHT DURING ELONGATION OF SECTIONS AT 2°C. 


(Growth Substance Action for 20 Hours.) 


LN. IN LN. IN A % WT. IN LN. ING.S. WT. ING.S. 

G.s. WATER GROWTH GROWTH G.s. WT. IN 

EXPT. (ARBITRARY UNITS) ING.S. IN WATER (MGs.) WATER LN. IN WT. IN 
WATER WATER 


4.19 3.81 13.2 .§ 0.948 0.948 1.10 1.00 
4.16 .85 12.4 i 0.944 0.911 1.08 1.03 
4.20 .79 13.6 ‘ 0.877 0.858 1.11 1.02 
4.19 .79 13.2 , 0.838 0.8438 £1.11 0.99 
4.10 .70 8.4 ; 0.730 0.730 1.10 1.00 

Mean ratios 1.10 1.01 





3 
3 
3 
3 


temperature if a preliminary hour at 25°C. is allowed. Under these condi- 
tions, although 12 to 14 per cent of elongation took place, there was little 
or no difference in the wall weight of elongated and non elongated sections. 
Heyn and VanOverbeek” have shown that increases in the plasticity of the 
coleoptile cell walls take place under the influence of growth substance even 
at 4°C. The elongation of the coleoptile resembles, in its behavior to- 
ward low temperature, a process of plastic stretching rather than a process 
of wall formation. 

If growth substance solutions be made also 1 per cent in fructose, greater 
elongation takes place than in growth substance alone. At the same time, 
as shown in table 4, even more cell wall is formed than corresponds to the 


TABLE 4 


INCREASE IN CELL WALL WEIGHT DURING ELONGATION IN FRUCTOSE AND GROWTH 


SUBSTANCE SOLUTIONS 
LN. IN LN. IN. WT. IN 
G.s. % % WT. IN WT. IN G.s. G.S. 


(ARB. LN.IN GROWTH GROWTH G.s. WATER LN. IN WT. IN 
EXPT. TEMP. UNITS) WATER ING.S. IN WATER (MGS.) (MGs.) WATER WATER 


25° 4.88 3.99 32 8 1.020 0.795 1.22 1.28 
25° 5.26 3.99 40 8 _ 1.185 0.780 1.32 1.52 
25" 4.86 3.77 31 y 0.785 0.555 1.29 1.42 
25° 4.87 3.78 32 0.925 0.645 1.29 1.44 
2° 4.08 3.78 11 0.790 0.800 1.08 0.9 

Mean ratios (25°C.) 1.28 1.4 
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increase in length. At 2°C., however, fructose has no effect upon wall 
deposition. Wall formation is, then, more affected than is elongation by 
carbohydrate as well as by low temperature. 

Summary.—Elongation is not of necessity attended by a corresponding 
amount of wall formation. A given amount of elongation may be at- 
tended by more than the normal amount of wall deposition as in fructose 
solution, or practically no wall may be laid down, as at 2°C. Increase of 
wall area due primarily to active intussusception of new material is there- 
fore excluded, at least in the case of the Avena coleoptile. 
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A TEST OF THE POSSIBLE EFFECTS OF VISUAL STIMULI UPON 
THE HAIR COLOR OF MAMMALS} 


By Francis B. SUMNER 
Scripps INSTITUTION OF OCEANOGRAPHY, LA JOLLA, CALIFORNIA 


Communicated May 9, 1934 


The general tendency of ground-dwelling animals to match the color of 
the soil or rocks on which they dwell has long been recognized. Some 
striking cases of this phenomenon have been reported in recent years among 
the rodents. Dice? has described certain extraordinarily dark, as well as 
extraordinarily pale, members of the genus Perognathus, inhabiting black 
lava fields and white gypsum sands, respectively, in New Mexico. Benson* 
has presented an admirable colored plate of these two species and entered 
into a thorough discussion of their ecological relations. The present writer* 
has devoted considerable attention to an almost equally striking member of 
the genus Peromyscus, found upon beaches and dunes of pure white sand 
on the Florida coast (this mouse was first described by A. H. Howell’). 

It would seem impossible for any unprejudiced observer to doubt the 
existence in such cases of some causal relation between the color of the 
animal and that of its more familiar background. However, the mecha- 
nism by which the former is brought into conformity with the latter is by 
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no means self-evident. The most obvious explanation is the “concealing 
coloration’’ hypothesis, which assumes the operation of a selective process, 
acting upon variations which are at the outset quite “random,” or at least 
in no way influenced by the color of the environment. This explanation 
has much inherent probability, but unfortunately it is supported by very 
little direct evidence. And, furthermore, it is not consistent with all of 
the facts. Some animals which would seem to have no need for conceal- 
ment are modified according to the prevailing mode. As regards desert 
animals, it has been pointed out by the author and others that there is 
evidence for some more direct effect of an arid environment upon pigment 
formation.’ The effects of this influence, whatever it may be, might be 
well enhanced in certain cases by natural selection working in the direction 
of concealment. 

Another explanation of these “‘adaptive”’ colors of mammals was recently 
suggested by the writer as a rather remote possibility. Outside the ranks 
of the vitalists, I am not aware that anyone else has had the temerity even 
to suggest it. This is the hypothesis that such colors may be to some extent 
the result of visual stimuli, acting through the nervous system, and ulti- 
mately registering their effects upon the germinal constitution of the 
organism. The three lowest classes of vertebrates—the fishes, amphibia 
and reptiles—are provided with special pigment cells (chromatophores) 
capable of bringing about extensive and fairly rapid changes of color or 
shade in the surface layers of the body, in which these cells are located. 
These changes are due to the shifting of pigment particles, black or colored, 
within the chromatophores. So far as they represent responses to the 
colors of the surroundings, they are dependent upon visual stimuli, re- 
ceived through the eyes, and transmitted through the nervous system. 
The extraordinary capacity of some fishes to ‘copy’ the background are 
now too well known to need more than mention here. 

Furthermore, several investigators have shown that in fishes this ca- 
pacity for color adjustment is not restricted to the rapid changes brought 
about by the shifting of pigment already present. For the black pigment 
cells (melanophores) it has recently been shown by Sumner and Wells,’ 
among others, that both the number of these cells and the quantity of con- 
tained pigment may be vastly increased by a sojourn of the fishes upon 
black, and vastly reduced by a sojourn upon white. For the yellow pig- 
ment, xanthophyll, these effects are not so easy to demonstrate, though 
Sumner and Fox® have shown, in one species at least, that its quantity may 
be greatly influenced by the color of the background. 

In the case of amphibia, Babak® has demonstrated the possibility of in- 
increasing or decreasing the number of melanophores by suitable back- 
grounds. I know of no experiments of this sort relating to reptiles. While 
the immediate response of certain species of lizards to visual and other 
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stimuli is well known, the question of changes in the actual quantity of 
pigment has not, so far as I am aware, been investigated. 

Birds and mammals are not known to possess chromatophores. They 
have, in many cases, abundant pigment cells, but none of these, with the 
exception of certain cells of the retina, are believed to react by perceptible 
movements in their pigment content. However, as Fuchs” has pointed 
out, we cannot be sure that other mammalian pigment cells are completely 
immobile, “‘since cells are found in histological preparations in which the 
pigment is completely concentrated, while, on the other hand, cells are 
present with richly branched pigmented processes” (p. 1369). 

It is an interesting question, therefore, whether mammals may not have 
retained some vestige of the faculty which seems to have been so highly 
developed in their ancestors, of responding by appropriate pigmentary 
changes to visual stimuli received from the background. The question 
seemed of sufficient interest, indeed, to warrant an experimental study. 

For this purpose mice were secured, belonging to two of Dr. C. C. Little’s 
inbred strains. One was of normal wild color (Little’s ‘‘CBA’’), the other 
was much paler (‘‘Leaden’’).'' Both had been inbred since 1921. These 
mice were obtained from the Jackson Memorial Laboratory, at Bar Harbor, 
Maine. 

The experiment was conducted at Tucson, Arizona, during the months 
of October, 1933, to January, 1934. The mice were mated in ordinary 
wooden breeding cages, and the broods were kept in these until the eyes be- 
gan to open (12 to 14 days after birth), or sometimes a little longer. Each 
brood, with the mother, was then transferred to one or another of the six 
experimental cages. 

These cages were constructed of metal and glass. The floor of each was 
of double-weight window-glass, 30 X 48 inches in size, and sprayed on the 
under surface with auto enamel. The superstructure, which could be 
readily lifted from the floor, was made in part of galvanized sheet-iron, in 
part of screen. Its height was 16 inches. This also was sprayed on the 
inside with auto enamel. Of the six cages, two were black, two white and 
two of a yellow very close to Ridgway’s ‘‘Lemon chrome.’’ The glass 
floors were swept or scoured often enough to keep the colors unobscured. 
The nest material (kapok) used in each cage was of the same color as the 
paint. It was dyed black or yellow, or left undyed (a not very pure white). 
One set of these cages was devoted to the ‘“‘CBA’’ stock, the other to 
“Leaden.’’ Thus the entire experiment was performed in duplicate, upon 
two quite distinct color varieties of mice. 

The experiment was carried out in a room in a dwelling-house, which had 
been equipped for the purpose. The atmosphere was kept above a mini- 
mum temperature of 16°C. The room was well lighted by daylight, and 
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throughout the night it was lighted by two 100-watt electric lamps in the 
ceiling. 

The mice were fed with a commercial preparation (Purina Dog Chow) 
and water was provided in small glass dishes. They lived in health and 
were reasonably prolific. In the case of the ““Leaden’”’ lot, however, the 
mortality of the very young broods was heavy. Approximately the same 
numbers of mice were reared upon the different colors. Each individual 
was given a distinctive identification mark. 

In all, 71 young were reared under experimental conditions, and the skins 
of these and of all of the parents were saved. These were prepared as flat 
skins, according to a modification of my standard procedure.’* 

While it is unfortunate that a longer period was not available for this 
experiment, I believe that the results are by no means devoid of interest, 
even though they are completely negative. The commencement of the 
experiment was somewhat delayed by the death by heat of a large part of 
the first shipment of mice, while the time of its discontinuance was set 
by the termination of my leave of absence from this Institution.* 

The mice belonging to the earlier broods (about two-thirds of all) were 
kept in the colored cages for seven weeks, then killed and skinned. The 
remainder were kept for only four weeks before skinning. It is probable 
that these last have contributed nothing of value. 

I have acted on the supposition that any hairs whose entire growth oc- 
curred after the optical stimuli were imposed should be affected if the latter 
have any influence at all. For some of the white-footed mice (Peromyscus) 
it was found by Collins‘ that the second, or “‘post-juvenile’’ pelage begins 
to appear at about four weeks after birth, and is complete about eight 
weeks later. For Mus musculus, the species employed in this experiment, 
I have been unable to obtain any definite information regarding the time 
and duration of the first molt. If the same course were followed as in the 
case of Peromyscus, it is likely that in even the older of my two series of 
mice, the first (juvenile) pelage would have been only partly replaced at 
the time the animals were killed (nine weeks after birth). I have examined 
skins of both strains of Mus here employed, killed at the ages of two, three, 
four, six and nine weeks. Extensive, heavily pigmented areas, such as 
precede the appearance of new hair, have been found at all of these ages. 
Microscopic examinations of small skin samples have revealed the presence 
of abundant, partly grown hairs in both the six-week and nine-week lots, 
showing that even at this later age replacement was far from complete. 
It seems evident, therefore, that if the normal processes of molting were 
alone to be reckoned with, even the. older of my experimental series could 
not be relied upon for decisive results. 

Fortunately, another means of testing this problem was available. It 
had already been shown by Collins’ for Peromyscus that complete removal 
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of the hair from a given area of the skin was followed by its rather rapid 
replacement. When the plucking was performed upon the early juvenile 
pelage, the post-juvenile pelage took its place in from two to three 
weeks. The area of skin in question, after removal of the hair, is at first 
nearly white. Within a few days it has become very dark, owing to the 
formation of melanin pigment in the hair follicles. Later, this area, when 
viewed from the inside of the skin, is found to have again become pale, as 
the pigment has been incorporated into the growing hairs. We are thus 
able to ‘‘force’’ the incoming of the second pelage in advance of its normal 
appearanice. 

This procedure was adopted in my color experiment with Mus. Two 
areas of the skin were depilated, one on the top of the head, the other on the 
mid-dorsal surface of the trunk, a little in front of the base of the tail. The 
latter area probably averaged a centimeter in length and rather less in 
width; the former was somewhat smaller. The plucking was performed 
(under an anesthetic) with the aid of forceps, and was as thorough as pos- 
sible. It was done, in each case, fifteen days before killing. 

In the great majority of the mice under consideration, replacement was 
complete or nearly so at the time of killing. The new hair was nearly or 
quite as long as that of the surrounding areas. When the dried skins are 
viewed from the under side, however, the dark areas are still detectable in 
most cases, though very faint in many, and quite invisible in some. In 
only a small proportion of the cases, among the forty-two skins thus treated, 
did replacement proceed so slowly that bare areas are still visible when the 
skin is viewed from above. 

The significant feature of this series of skins is that in no case does the color 
of the recently developed hair differ appreciably from that of the surrounding 
pelage of the first coat. In the majority of cases, the region of replacement is 
quite indistinguishable in dorsal view. In those cases in which its position 
may be recognized this is due to the growth of the new hair being in- 
complete. 

The foregoing generalized statements are based upon 14 of the ‘“‘Leaden”’ 
mice (5 on black, 4 on white, 5 on yeliow), and 28 of the “CBA”’ strain 
(10 on black, 11 on white, 7 on yellow). Examination of the areas of 
replaced pelage was made with the unaided eye. The areas were too small 
to be subjected to color determinations with the tint-photometer, according 
to the procedure which I have used so extensively in the past.’? In order 
to detect a scarcely appreciable change, induced by the experimental condi- 
tions, a more precise quantitative treatment, as well as much larger num- 
bers of individuals, would be required. 

Tint-photometer readings were made of all the skins of the experimental 
mice, both of those killed at the age of nine weeks and those killed at the age 
of six weeks. Reference is here made to readings of the standard rectangu- 
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lar area of the dorsal surface, which was included in my photometric deter- 
minations of the Peromyscus pelage. These readings reveal no consistent 
differences which could be attributed to differing optical conditions. This 
last fact, it is true, is of significance only if a considerable proportion of 
the hairs in the nine-week pelages were developed after the opening of the 
eyes. In that case, however, the circumstance stated in italics (above) 
would have less significance. But either of these results alone seems sufficient 
evidence that the optic stimuli in question are not capable of producing an 
appreciable change of color during the lifetime of a hair. 

Whether changes of this nature occur which are too slight to be detected 
by ordinary visual comparisons, and which would only be revealed by the 
statistical treatment of large numbers of individuals, is not, of course, 
shown by the data here presented. My experiments are also open to the 
criticism that they were of too brief duration.’* While one may grant a 
certain validity to this objection, it must be pointed out that any agencies 
affecting the formation of hair pigment could only operate during the grow- 
ing period of the hairs themselves. After the hairs were fully grown, no 
change in color could occur, however prolonged the experimental stimuli, 
except perhaps by actual destruction of pigment through intense illumina- 
tion. It is nevertheless open to the critic to contend that exposure to these 
conditions, throughout the entire life of the animals, or better yet, through- 
out a number of generations, might result in perceptible modifications. 
Such a critic is welcome to perform this long-time experiment. I am 
through! 
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